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Chapter 1

Introduction

Let us start considering a linear system of differential equations of order 1 on
an interval I C R.

dx
& As, tel 1.1
o (1.1)
where x = (z1,...,2,) € R™ and A = A(¢) is an n X n real matrix.
It is well-known that given xy = (x19,...,Zno) € R™ and ¢y € I, there is

a unique solution z(t) = (z1(t),...,z,(t)) to (1.1) such that z(tg) = xo. The
simplest case is of course if A =0 and in fact we can change (1.1) into this by
change of gauge

y=gz (1.2)
where g = g(t) € GL(n,R). To see this notice that we want to find g such that
dy _dg dr _ dg

= c— = .72 —qgAzx =0.
at dt Y a T a9
That is we want

dg

25 _ 1.3

a ! (1.3)
or by transposing

dgt

2 = Ay,

at ~ Y

That is, the rows of g are solutions to (1.1) with A replaced by —A*. Hence
we just choose gg = g(t9) € GL(n,R) arbitrarily and find the unique solution
corresponding to each row, i.e., we find the unique solution to (1.3) with g(to) =
go- To see that g is in fact invertible we solve similarily the equation of matrices

dh

— =—Ah
dt
with h(tp) = gy ' and observe that
d dg dh
—(gh)=—"-h -— =gAh —gAh =0
L) =— htg — =gAh—g :

thus by uniqueness g - h = 1. Hence we have proved the following proposition.



Proposition 1.1. Consider a system of equations (1.1) on an interval I C R.
Let to € R and go € GL(n,R). Then there is a unique gauge transformation
g = g(t), such that (1.1) is equivalent to

dy

dt
Remark. We shall think of g as a family of linear transformations parametrised
by I, i.e. given by a map g in the commutative diagram

=0, for y = gx and g(to) = go.

IxR"—)IxR”

pm\l %OJ

with g(¢,2) = (¢, g(t)x).

We want to generalize this to the case where [ is replaced by an open set
U C R™ or more generally by any differentiable manifold M = M™. For that
purpose it is convenient to rewrite (1.1) as an equation of differential forms:

dr = —(Adt)x.

Absorbing dt into the matrix we shall in general consider a matrix A of differ-
ential 1-forms on M and we want to solve the equation

de = —Ax (1.4)

for x = (1,...,2y) a vector of functions on M. Again a gauge transformation
is a smooth family af non-singular linear maps g = ¢g(t) € GL(n,R), t € M, or
equivalently, a smooth map g in the commutative diagram

MXR"‘)MXR"

p& %)J

such that g(t,x) = (¢, g(t)x) defines a non-singular linear map g(t) for each ¢ €
M. Again putting y = gz the equation (1.4) changes into the gauge equivalent
equation

dy = — A%y

with A9 = gAg—! — (dg)g~!. In particular we can transform the equation into
the trivial equation

dy=20

(which has the obvious solution y = constant) if and only if we can find ¢
satisfying

dg = gA or g tdg = A. (1.5)



Example 1.2. Let M = R? with variables (¢!,¢?). Consider the equation (1.4)
with A = —t2dt!, that is

de = (t2dtY)x,

or equivalently, the partial differential equations

% = t*z, Iz _y, (1.6)

But this implies

0w 0 5
=—5 = —(tz) = .
ot ot 8152( )
Hence only 2 = 0 is a solution to (1.6) whereas the equation dy = 0 has other
(constant) solutions as well. Therefore they are not gauge equivalent.

More systematically let us find a necessary condition for solving (1.5): Sup-
pose g is a solution; then

0=ddg =d(gA) = (dg) N A+ gdA = gANA+ gdA
and since g is invertible we obtain
Fy=ANA+dA=0. (1.7)

This is called the integrability condition for the equation (1.4) and Fy is called
the curvature. We have thus proved the first statement of the following propo-
sition.

Proposition 1.3. For the equation (1.4) to be gauge equivalent to the trivial
equation dy = 0 a necessary condition is that the curvature Fy = 0. Locally this
is also sufficient.

Proof. For the proof of the second statement it suffices to take M = B™ C R™
the open ball of radius 1, that is B™ = {u = (u1,...,un) | |u| < 1}. Let §™~!
be the sphere S™~! = {u | |u| = 1} and define g: B™ — GL(n,R) by solving
the equation

dg 0
5 =Y <8r)’ g(0) =1,

along the radial lines {ru | 0 < r < 1} for each u € S™~!. Now choose a local
coordinate system (v!,...,v™~1) for S™~! so that we get polar coordinates
(r,vt,...,v™~1) on B™. By construction the equation (1.5) holds when evalu-
ated on the tangent vector 9/dr. We need to evaluate on 9/9v%, i = 1,...,m—1,
as well, that is, we must prove

dg 0 )
. =gA - =1,... — 1. 1.
a7 (81}1)’ T (18)




Notice that by construction (1.5) and hence also (1.8) holds at u = 0. Let us
calculate 9/90r of the difference using the assumption

Then

-2 a() -3 )
() A (2) - m(2)a() ()
2A(5) - (2)1(5)
(@)

By uniqueness of the solution to the equation

ox 0
= pAl =
or . <8r>

along a radial we conclude that

dg 0
- — gA -1 =0
ov' g (W)

which was to be proven. ([l

In the global case there are obvious difficulties even for M of dimension 1.

Example 1.4. Let M = S' = {(cos2rt,sin2xt) | t € [0,1]} and suppose
A = Aydt for a constant matrix Ag. Then, on the interval [0,1), the unique
gauge transformation to the trivial equation with ¢g(0) = 1 is given by

o0

g(t) = exp(tdg) =Y

n=0

1AL

n!

so that g(1) = exp(Ap). Hence we have a globally defined gauge transformation
to the trivial equation if and only if g1 = exp(A4g) = 1. If g1 # 1, on the other
hand, we can overcome this difficulty if we replace S' x R™ with the vector
bundle obtained from [0, 1] x R™ by identifying (1,v) with (0, g1v).



This example suggests that we should (and will) generalize the problem to
vector bundles (real or complex). However, as seen above, it is really the Lie
group G = GL(n,R) (or G = GL(n,C)) which enters in the question of gauge
transformations. This gives rise to the notion of a principal G-bundle with a
connection where locally the connection is given by the matrix A of 1-forms
occuring in the equation (1.4). Again we will encounter the notion of curvature
as in (1.7) which is the starting point for the definition of characteristic forms
and characteristic classes.



Chapter 2

Vector Bundles and Frame
Bundles

In this chapter we shall introduce the notion of a vector bundle and the associ-
ated frame bundle. Unless otherwise specified all vector spaces are real, but we
could of course use complex vector spaces instead.

Definition 2.1. An n-dimensional differentiable (real) vector bundle is a triple
(V,m, M) where m:V — M is a differentiable mapping of smooth manifolds
with the following extra structure:

(1) For every p € M,V, = 7—1(p) has the structure of a real vector space of
dimension n, satisfying the following condition:

(2) Every point in M has an open neighborhood U with a diffeomorphism
fir Y(U) - U xR"

such that the diagram

commutes, ie., f(V,) € p x R" for all p € U; and f, = flv,:V, — p x R" is an
isomorphism of vector spaces for each p € U.

Notation. (V, 7, M) is called a vector bundle over M, V is called the total space,
M is the base space, and 7 is the projection. We shall often write V instead of
(V, 7, M). The diffeomorphism f in definition 2.1 is called a local trivialization
of V over U. If f exists over all of M then we call V' a trivial bundle.

Remark. If (V, 7, M) is an n-dimensional vector bundle, then the total space V'
is a manifold of dimension n + m, where m = dim M.

Example 2.2. The product bundle M x R™ with m = proj: M x R™ — M is
obviously a trivial vector bundle.



Exercise 2.3. For g € GL(n,R) show that the quotient space of R x R™ by the
identification (t,x) ~ (t+1, gx) where (¢,2) € R x R", defines an n-dimensional
vector bundle over R/Z = S*.

Example 2.4. The tangent bundle of a differentiable manifold M = M™, that
is, the disjoint union of tangent spaces

T™ = | | T,M
peM

is in a natural way the total space in an m-dimensional vector bundle with
the projection m:TM — M given by w(v) = p for v € T,M. If (U,z) =
(U,z,...,2™) is a local coordinate system for M then

U) = | | M
peU
and we have a local trivialization

zom Y (U) — U xR™

defined by

Sections

For a vector bundle (V, 7, M) it is useful to study its sections.
Definition 2.5. A (differentiable) section o in (V, 7, M) is a differentiable map-
pmg
oM —V
such that 7o o = idys, that is, o(p) € V, = 7~ 1(p) for all p € M.
Notation. The set of differentiable sections in V' is often denoted I'(V).

Example 2.6. Every vector bundle V has a zero section, i.e., the section o(p) =
0 € Vp, for all p € M. The zero section is differentiable and in fact I'(V') is in a
natural way a vector space with the zero section as the zero vector.

Example 2.7. A (differentiable) section in the tangent bundle of a manifold
M is the same thing as a (differentiable) vector field on M.

Example 2.8. For the product bundle V' = M x R"™ (Example 2.2) a section
o in V has the form

o(p) = (p,s'(p),....s"(p)) = (p,5(p))

and o is differentiable if and only if s: M — R™ is differentiable. Thus we
have a 1-1 correspondence between differentiable sections in V' and differentiable
functions s: M — R".
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The Frame Bundle

By the last example the notion of a section in a vector bundle V' generalizes the
notion of a function on it. But we can actually do even better: We can consider
a section of V' as a function defined on a different manifold, the so called frame
bundle F (V) for V.

First consider a single n-dimensional real vector space V and define
F(V) = Iso(R", V) = {linear isomorphisms z: R" — V}.
An element « € F(V) is determined by the n linearly independent vectors
z1 =x(e1),..., o, = x(en)

where {e1,...,e,} is the standard basis in R™. The element x € F(V) is called
an n-frame in V. Notice that a choice of basis in V gives an identification of
F(V) with

Iso(R™,R") = GL(n,R)
which is an open set in the set M(n,R) = R™ of all n x n matrices.

Now let us return to (V,w, M) a differentiable vector bundle over the ma-
nifold M. We shall make the disjoint union

F(V)= || F(V,) = || Iso(R", ;)
peEM peEM

into a differentiable manifold such that 7: F(V) — M given by 7(z) = p for
x € F(V},) is differentiable. Thus suppose we have a local trivialization of V

fir Y U) — U x R™.

Then there is a natural bijection

f:77Y(U) — U x GL(n,R) (2.1)
defined by
z— (p, fpox), for z € F(V},).

where fp: V), — R" is the restriction of f to V.

Proposition 2.9. There is a natural topology and differentiable structure on
F(V) satisfying:

(1) F(V) is a differentiable manifold of dimension m + n?.

(2) The bijections f defined by (2.1) are diffeomorphisms for all local trivial-
izations f.

(3) The mapping 7 is differentiable and locally we have a commutative diagram

U) L Ux QLR

N A
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(4) We have a differentiable right group action

F(V) x GL(n,R) — F(V) (2.2)
given by
T-g=1x0g, for x € F(V,), g € GL(n,R).

Exercise 2.10. Prove Proposition 2.9.

Remark. (1) The proof of the first statement is similar to the construction of
the differentiable structure on the tangent bundle of a manifold.

(2) That the mapping in (2.2) is a differentiable right group action means that
it is given by a differentiable mapping and that it satisfies

(@-g)-g'=z-(g99)  forallz e F(V),g,g €GL(n,R),
and
r-1l==zx for all x € F(V).

Notice also that each F'(V}) is an orbit , that is F'(V,) = « - GL(n,R) for any
x € F(V,), and we can identify M with the orbit space F(V)/ GL(n,R).

Notation. The triple (F(V), 7, M) is called the bundle of n-frames of V or for
short, the frame bundle of V.

Now we can interpret the set of sections of V' in the following way:

Proposition 2.11. There is a natural 1-1 correspondence between the vector
space T'(V) and the space of equivariant functions on F (V) with values in R™,
ie., the set of differentiable functions §: F(V) — R"™ satisfying

i(z-g) =g '5(2), for all x € F(V), g € GL(n,R). (2.3)
Proof. Let s € T'(V) and define § by
@)= s(),  for z € F(V,) = Iso(R™, V).

Then it is straightforward to check that § satisfies (2.3). Also, using the local
triviality in (2.1), it follows that § is differentiable if and only if s is. On the other
hand given §: F(V) — R"™ satisfying (2.3) it is easy to see that 5: F(V) — V
given by

§(z) = x(3(x))

is constant on every orbit F'(V,), and so § defines a function s: M — V such
that the diagram

FV)— v

fl

M
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commutes. Again s is seen to be differentiable (provided § is) using the local
trivialization in (2.1). O

We next study homomorphisms between vector bundles with the same base
M, that is, vector bundles (V,m, M) and (V', 7', M).

Definition 2.12. A homomorphism ¢:V — V' is a differentiable mapping of
total spaces such that the following holds:

(1) The diagram

Vv

M

commutes, that is, ¢, = ¢|y, maps V, to V.

(2) ¢p:Vp — V, is a linear mapping for each p € M.

An isomorphism ¢:V — V' is a bijective map where both ¢ and ¢! are

homomorphisms.

Example 2.13. A trivialization f:V — M x R"™ is an isomorphism to the
product bundle.

Remark. Tt follows from the definition that a homomorphism @:V — V' is
an isomorphism if and only if ¢ is a diffeomorphism of total spaces such that
ep:Vp — Vp’ is an isomorphism of vector spaces for every p € M. We can
improve this:

Proposition 2.14. A homomorphism ¢:V — V' is an isomorphism if and
only if pp: V) — Vp’ is an isomorphism of vector spaces for every p € M.

Proof. (=) Obvious.

(<) We must show that ¢ is a diffeomorphism. Since ¢ is clearly bijective it
suffices to show that ¢! is differentiable. This however is a local problem, so
we can assume V = M xR™ V' = M xR". In that case ¢: M x R® — M x R"
has the form

o(p,v) = (p, p(v))

where ¢,: R"” — R" is a linear isomorphism. It is easy to see using local coor-
dinates for M that the Jacobi matrix for ¢ at every point (p,v) has the form

[ T (Bp] (2.4)

where ¢, is the matrix for ¢,:R" — R". Since ¢, is an isomorphism the
matrix (2.4) is clearly invertible and hence the proposition follows from the
Inverse Function Theorem. O

Corollary 2.15. A vector bundle (V, 7, M) is trivial if and only if the associated
frame bundle (F(V'), 7, M) has a section; i.e., if there is a differentiable mapping
o: M — F(V) such that T o o =idy.
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Proof. (=) Let f:V — M x R™ be a trivialization. Then we define
oM — F(V) by o(p) = f;l € Iso(R™, V).
By the definition of the differentiable structure in F(V) o is differentiable since

foo(p)=(p,1) € M x GL(n,R™).

(<) Let 0: M — F (V) be a differentiable section. Then we define a homomor-
phism @: M x R" — V by

¢(p,v) = a(p)(v), for (p,v) € M x R™.
(here o(p) € Iso(R",V})). It follows from Proposition 2.14 that ¢ is an isomor-
phism, hence f = ¢=1:V — M x R" is a trivialization. O
Remark. A section o in F(V) is equivalent to a set of n sections {o1,...,0,}

in V such that {o1(p),...,on(p)} C V, is a basis for V,, for every p € M (cf.
the definition of F(V})). A section in F(V') is also called a moving frame for V.
Since every vector bundle is locally trivial it always has a local moving frame.

Riemannian Metrics

For the remainder of this chapter we shall study vector bundles with a Rie-
mannian metric: First recall that on a single vector space V' an inner product
(-,-) is a symmetric, positive definite, bilinear form on V, that is, a function

(+,-):V x V — R such that

(1) (v,w), v,w € V, is linear in both v and w,
(2) (v,w) = (w,v), for all v,w € V,

(3) (v,v) >0, for all v € V, and

(4) (v,v) =0 if and only if v = 0.

Now return to V' a vector bundle over M.

Definition 2.16. A Riemannian metric on a vector bundle V over M is a
collection of inner products (-,-), on V,, p € M, which is differentiable in the
following sense: For s1,s2 € T'(V) the function (s1,s2) given by (s1,s2)(p) =
(s1(p), s2(p))p is differentiable.

Notation. We shall often just write (vi,v2) = (v1,v2)p for vi,ve € V.

Example 2.17. The product bundle V' = M x R™ has the standard inner
product given by the usual inner product in R™:

n
(v,w) = Zviwi, for v=(v,...,0"),w = (w!,...,w").
i=1

Proposition 2.18. Fvery vector bundle has a Riemannian metric.

Exercise 2.19. Prove Proposition 2.18. Hint: Use a partition of unity.
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Now suppose (V, 7, M) is an n-dimensional vector bundle with Riemannian
metric (-, ).

Proposition 2.20. Every point in M has a neighborhood U and a trivialization
[~ Y (V) — U x R™ such that f,:V, — R" is a linear isometry for every
p € M (with the metric in U x R™ given by Example 2.17).

Proof. By the remark following Corollary 2.15 every point in M has a neigh-
borhood U with a local moving frame, i.e. a set of sections {s1,...,s,} of
(7=Y(U),w,U) such that {s1(p),...,sn(p)} is a linearly independent set for
each p € U. By means of the Gram-Schmidt process we can replace this set
by {o1,...,0n} such that {o1(p),...,on(p)} is an orthonormal basis for V,, for
every p € U. Again o1,...,0, are all differentiable. As in the proof of Corol-
lary 2.15 we consider {o1,...,0,} as a section of the frame bundle F (V) over
U, i.e. we obtain an isomorphism ¢: U x R® — 7~1(U) given by

¢(p,v) = a(p)(v), for (p,v) € U x R™.

Since @, (e;) = o(p)(e;) = 0;i(p) and since {o1(p),...,on(p)} is an orthonormal
basis for V,,, it follows that ¢,:R™ — V}, is a linear isometry for each p € U.
Hence f = o~ 1:771(U) — U x R" has the desired properties. O

We can now define the orthogonal frame bundle for a vector bundle with
a Riemannian metric. For a single vector space V' with inner product (-,-) we
let Fo(V) C F(V) be the set

Fo(V) = Isom(R", V) = {linear isometries z: R® — V'},
that is, € Fo (V) if and only if the vectors
z1 =x(e1),..., o, = x(en)

constitute an orthonormal basis for (V,(-,-)). We will call z an orthogonal
n-frame in V. With respect to a given orthonormal basis for V' we get an iden-
tification of Fo(V) with the orthogonal group O(n) C GL(n,R), which is an
n(n — 1)/2-dimensional submanifold in GL(n,R).

Now return to (V,m, M) a vector bundle with a Riemannian metric (-, -)
and we define the orthogonal frame bundle as the subset

Fo(V) = | | Fo(V,) C F(V).
peM

Proposition 2.21. (1) Fo(V) C F(V) is a submanifold and
ﬁ'FO(V): Fo(V) — M

is differentiable.
(2) There is a differentiable right O(n)-action

Fo(V) x O(n) — Fo(V)

such that the orbits are the sets Fo(V,), p € M.
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(3) There are local diffeornorphisms
f:a Y U)NFo(V) — U x O(n)
such that f, = flrov,) maps Fo(Vy) to p x O(n) for every p € U, and also

flz-g)=f(z)-g, for all x € Fo(V;), g € O(n).
Proof. Choose a local trivialization
firY(U) - U xR"

as in Proposition 2.20. Then the corresponding local diffeomorphism for the
frame bundle (F(V), 7, M)

f:77Y(U) — U x GL(n,R)
is given on F,(V) by
f(x):(p,fpoz), zEFp(V)

where f), is the restriction of f to V},. Since fy: V, — R™ is an isometry it follows
that f maps Fo(V,) to p x O(n), that is,

f:7 Y U)NFo(V) — U x O(n)

is a bijection. Since O(n) C GL(n,R) is a submanifold it follows that Fo (V') C
F(V) is also a submanifold and all the statements in the proposition are now
straightforward. We leave the details to the reader. O

Example 2.22. The real projective n-space RP" is defined as the quotient
space (R™1\ {0})/(R\ {0}), that is, x = (z1,...,2,) is equivalent to y =
(y1,---,yn) ifand only if y = tx for some t € R\{0}. Let n: (R**1\ {0}) — RP"
be the natural projection, that is,

n(z) = [z] = [T1:. .. :Tpya)

and these (n + 1)-tuples are called the homogenous coordinates. RP™ is an n-
dimensional differentiable manifold with coordinate systems (U;, ;),i = 1,...,n+
1, given by

and (;: U; — R" defined by

("1 Ti—1 Li41 Tn+1
Ci[xlv"'azn+l]* Ty ) ] .
L L Ly Ly

Notice that the inclusion of the unit n-sphere i: S™ C (R"*1\ {0}) gives rise to
a commutative diagram

S R\ {0}

.

S™/{£1} — S Rpn

o
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Here i is a homeomorphism; hence RP™ is compact.

We shall now construct a 1-dimensional vector bundle with RP™ as basis.
This is called the real Hopf-bundle or the canonical line bundle. The total space
H C RP" x R*"1 ig the subset

H = {([z],v) | v € span{z}}

and the projection m: H — RP™ is the restriction of the projection onto the
first component. There are local trivializations

hilﬂ'il(Ui)—>UiXR, t=1,....,n+1,
given by

hi([x], v) = ([z],v).

Theorem 2.23. (1) H C RP"xR"*! is an embedded submanifold and w: H —
RP™ is a 1-dimensional vector bundle with local trivializations h; as above.

(2) The associated frame bundle is n: (R"*1\ {0}) — RP"™. Here the action
by GL(1,R) =R\ {0} is just given by the usual scalar multiplication.

Proof. (1) As before (-,-) denotes the usual inner product in R"*1, that is,
(r,y) = S0 wy; for x,y € R For 2 € R™1\ {0} let P, denote the
orthogonal projection onto span{z}, that is,

(y, =) .

(z,2)

and denote the projection onto the orthogonal complement by P = id — P,.
Similarily, for e =1,...,n+ 1, let

BZRnJrl —>R, F)iJ_:RnJrl 5 R™
be the projections

P(x) = x;, Pf(:z:):(xl,...,@,...,xn)

where the hat indicates that the term is left out. For i = 1,...,n 4+ 1, define
kiU x R*1 — U; x R x R™ by

ki([2],v) = ([2], P o Po(v), P 0 P (v)).
It is easy to see that k; is a homomorphism between the two product bundles

and that it is injective (and hence bijective) on each fibre. By Proposition 2.14
k; is therefore an isomorphism, hence in particular a diffeomorphism. Since

ki(HN7 Y U;)) =U; xR x 0
it follows that H is embedded in RP™ x R™t! and since ki|Hmr*1(Ui) =h; x0
we have shown (1).
(2) By definition the frame bundle for H is given by

F(H) = Ho = {([z],v) | v € span{z},v # 0}

and 7 = 7| g,. Now projecting on the second component in Hy C RP™ x (R*+1\
{0}) gives a diffeomorphism [ in the commutative diagram
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()
RP™
In fact the inverse =1 is given by
7Y(v) = ([v],v), for v € R"~1\ {0}.

Also [ clearly respects the action of GL(1,R) = R\ {0} since in both cases it is
given by the scalar multiplication. O

Corollary 2.24. H is a non-trivial vector bundle for n > 0.

Proof. It H is trivial then by Corollary 2.15 the frame bundle F(H) — RP"
has a section. That is we have a differentiable map

o:RP" — R\ {0},
such that n oo = id. For 2 € §* C R™*! define f(z) € R by
o([z]) = f(z)z, ze S CR {0}
Then f:S" —s R\ {0} is differentiable. But f(—z)(—z) = o([-2]) = o([z]) =

f(x), which implies that f(—x) = —f(x). Hence f takes both values in R and
R_. Since f is continuous and S™ is connected this is a contradiction. [l



Chapter 3

Principal G-bundles

The frame bundle for a vector bundle is the special case of a principal G-bundle
for the Lie group G = GL(n,R). In the following G denotes an arbitrary Lie

group.

Definition 3.1. A principal G-bundle is a triple (FE,m, M) in which m: E — M
is a differentiable mapping of differentiable manifolds. Furthermore F is given
a differentiable right G-action £ x G — FE such that the following holds.

(1) E,=n"Y(p), p € M are the orbits for the G-action.

(2) (Local trivialization) Every point in M has a neighborhood U and a diffeo-
morphism ¢: 771 (U) — U x G such that the diagram

commutes, i.e. ¢, = ¢|g, maps I, to p x G; and ¢ is equivariant, i.e.,
plzg) =p(x)g  Veern '(U),geG

where G acts on U x G by (p,¢')g = (p,9'g)

Notation. E is called the total space, M the base space and E, = 7 1(p) the
fibre at p € M. Often we shall just denote the G-bundle (E, 7, M) by E.

Remark. (1) = is surjective and open.
(2) The orbit space E/G is homeomorphic to M.
(3) The G-action is free, i.e.,

xg = implies g¢g=1 forallz € £, g € G.

(4) For each z € E the mapping G — E, given by g — x - g, is a diffeomor-
phism.

18
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(5) If N C M is a submanifold (e.g. if N is an open subset) then the restriction
to N

Ely = (77 (N),m,N)
is again a principal G-bundle with base space N.

Example 3.2. (1) For (V, 7, M) an n-dimensional vector bundle the associated
frame bundle (F(V), 7, M) is a principal GL(n,R)-bundle.

(2) IfV is equipped with a Riemannian metric then (Fo(V'), 7, M) is a principal
O(n)-bundle.

(3) Let G be any Lie group and M a manifold. Then (M x G,w, M), with =
the projection onto the first factor, is a principal G-bundle called the product
bundle.

Definition 3.3. Let (E,w, M), (F,n’, M) be two principal G-bundles over the
same base space M. An isomorphism ¢: E — F is a diffeomorphism of the
total spaces such that

(1) The diagram

E—2 s F

M

commutes, i.e. ¢, = ¢|g, maps E, to F},.
(2) ¢ is equivariant, i.e.
o(zg) = p(z)g foralz e E, g€ G.
Remark. In this case pp,: B, — F}, is also a diffeomorphism for each p € M.

Definition 3.4. A principal G-bundle (E, 7, M) is called trivial if there is an
isomorphism ¢: E — M x G and ¢ is called a trivialization.

Remark. Tt follows from definition 3.1 that every principal G-bundle E has local
trivializations

0 Ely — U x G.
Lemma 3.5. FEvery isomorphism o: M x G — M x G has the form
¢(p,a) = (p,g(p)-a)  peEMacG (3.1)

where g: M — G is a differentiable mapping.

Proof. Tt is easy to see that ¢ defined by (3.1) is an isomorphism with inverse
o~ ! given by

e ' (p,b) = (p,gp)~"-b)  peMbeG. (3.2)
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conversely let p: M x G — M X G be an arbitrary isomorphism and let g: M —
G be the mapping defined by

o(p, 1) = (p,g(p)) pE M.

then g is clearly differentiable and since ¢ is equivariant we obtain for p € M,
a€G:

o(p,a) = ((p, 1)a) = (p(p,1))a = (p,g(p) - a)

that is, (3.1) holds. O

Now for an arbitrary G-bundle (F,m, M) choose an open covering of M,
U = {Us}aex, and trivializations

¢a: Elu, — Uy x G.
For U, NUg # 0 we consider the isomorphism
wpopat:UsNUsz x G — U, NUg x G
and by Lemma 3.5 this has the form

ep 09, (p,a) = (p,gsa(p) - a) (3.3)

where a € G,p € U, NUg and ggo: Uy N Ug — G is a differentiable mapping.

Notation. The collection {gga}a,gex are called the transition functions for E
with respect to the covering U (and trivilizations {¢q faex)-

Remark. For o, 3,y € X such that U, N Ug N U, # 0 the following cocycle
condition holds

9+8(D) - 98a(P) = gra(p) for all p € Uy, NUz N Uy, (3.4)

Jaa(p) =1 for all p € U,,.

Conversely we have the following proposition.

Proposition 3.6. Let U = {U, }aex be an open covering of a manifold M and
suppose {gagta,pex s a system of differentiable mappings gop:Ua NUsg — G
satisfying the cocycle condition. Then there is a principal G-bundle (E,m, M)
and trivializations @o: E|y, — Us X G, o € X, such that {gap}ta,pes is the
associated system of transition functions.

Proof. The total space E is the quotient space
FE = <|_| U, % G) / ~
acd

of the disjoint union of all U, x G, a € X, for the equivalence relation ~ defined
by

(p,a)a ~ (¢,b)g ifand only if p= ¢ and b= gga(p)a
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where (p,a)q € Uy X G and (q,b)3 € Ug x G. The cocycle condition ensures that
~ is an equivalence relation. Furthermore the projections U, x G — U, give a
well-defined continous mapping 7: E — M and we also have obvious bijections

gpa:ﬂ_l(UQ) — Uy x G

given by ¢, ((p,a)a) = (p, a). It is now straight forward to define a differentiable
structure on F such that the maps ¢, become diffeomorphisms. Furthermore
one checks that (E,w, M) is a principal G-bundle and by construction {¢q }aes
are trivializations with {gag}a,ses the associated system of transition functions.

[l

Exercise 3.7. Show that the bundle constructed in Proposition 3.6 is trivial if
and only if there is a system of differentiable mappings

ha:Uy — G, a €Y,
such that
95a(p) = hs(p)ha(p) ™', for all p € Uy N Us.

In the previous chapter we associated to a vector bundle (V, 7, M) the frame
bundle (F(V), 7, M) which is a principal GL(n,R)-bundle. We shall now show
how to reconstruct the vector bundle V from the principal bundle using the
natural action of GL(n,R) on R™. In general for a Lie group G and a principal
G-bundle (E, 7, M) we consider a manifold N with a left G-action Gx N — N
and we shall associate to this a fibre bundle (En, 7y, M) with fibre N. For this
we define the total space En as the orbit space

En=ExgN=(EXxN)/G
for the G-action on F x N given by
(x,u) - g = (zg,9™ u), reE ueN,geq

so that Ey is the quotient space for the equivalence relation ~, where (z,u) ~
(y,v) if and only if there exists g € G such that y = g and u = gv. Furthermore
let mn: Eny — M be induced by the composite mapping

Ex N2, p_ ™ A

Then we have the following proposition.

Proposition 3.8. (1) Ey is in a natural way o differentiable manifold and
nn: En — M is differentiable.

(2) There are local trivializations, i.e. every point in M has a neighborhood U
and a diffeomorphism f: WR,I(U) — U x N such that the diagram

W U) —L 5 UxN

ﬂx %oj

U
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commutes.
Exercise 3.9. Prove Proposition 3.8.

Notation. The triple (En, 7y, M) is called the fibre bundle with fibre N associ-
ated to the principal G-bundle (F,x, M).

Example 3.10. Let (V,m, M) be a vector bundle and (F(V), 7, M) the corre-
sponding frame bundle. Then the associated fibre bundle with fibre R (F(V)gn, Tgn, M)
is in a natural way a vector bundle isomorphic to (V, 7, M). In fact there is a
natural isomorphism ¢

F(V) XgLmp R* —— v

N, A

o(z,v) = z(v), x € Fp(V) =Iso(R", V).

given by

Exercise 3.11. Let (E, 7, M) be a principal GL(n,R) bundle and let (V, w, M)
be the associated fibre bundle with fibre R™ using the natural action of GL(n, R™)
on R™. Show that V is in a natural way a vector bundle and that the corre-
sponding frame bundle (F(V), 7, M) is isomorphic to (E, 7, M).

Finally let us consider bundles over different base spaces: Suppose (E’, 7/, M)
and (E,m, M) are principal G-bundles.

Definition 3.12. A bundle map from E’ to E is a pair of differentiable map-
pings (f, f) in the commutative diagram

E/L)E

ML M

such that f is G-equivariant, i.e.
flx-g)=f(z)-g, foralz € ', g € G.

Example 3.13. (1) A bundle isomorphism is by definition a bundle map of
the form
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(2) If N C M is a submanifold and (F,w, M) is a principal G-bundle, then the
Ely ——

inclusion maps in the diagram
E
N M

(3) In the product bundle M x G the projection 72 on the second factor defines
a bundle map of the form

—"

is a bundle map.

MxG——5 @

|

M ———pt

Given a differentiable mapping f: M’ — M and a principal G-bundle
(E,m, M) we can construct a G-bundle called the pull-back of E by f over
M', denoted f*(E) = (f*(E),n’,M’), and a bundle map (f, f): f*(E) — E.

That is, we construct a commutative diagram

B —L o E

M/L)M

To do this we let f*(E) C M’ x E be the subset

f(E)={lp,x) e M'x E| f(p) = n(x)}

and let 7’ and f be defined by the restriction of the projections to M’ and E
respectively. Then we have

Proposition 3.14. f*(E) = (f*(E),n',M') is in a natural way a principal
G-bundle and (f, f) is a bundle map.

Proof. G clearly acts on f*(F), and for each p € M’

()7 ) = {(p,2) | @ € By}

is mapped bijectively by f to E¢py which is a G-orbit. Hence it suffices to
show that f*(E) is a locally trivial G-bundle. for this we can assume E to be a
product bundle £ = M x G. In this case

f(E)={(p,q.9) e M'x M x G| f(p) =q} =M xG

by the map (p,q,g) — (p, g). Via this isomorphism f is furthermore given by
the map (p, g) — (f(p), g) which shows that f is a bundle map. O
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Exercise 3.15. (1) Show that if (f, f): (B',7',M") — (E,m, M) is a bundle
map then there is a canonical factorization f = f o ¢, where p: £/ — f*(FE) is
an isomorphism and (f, f) is the bundle map in Proposition 3.14.

(2) Show that this provides a 1-1 correspondence between the set of bundle
maps with fixed map f: M’ — M of base spaces, and the set of isomorphisms
E' — f*(B).

(3) In particular there is a 1-1 correspondence between the set of trivializations
of a bundle (E, 7, M) and the set of bundle maps to the trivial G-bundle over
a point (G, m, pt).

(4) Show that if f: M’ — M is a differentiable map and if {gag}a.gex is a
cocycle of transition functions for a G-bundle F over M with covering {U, }aex
then {gapof} is a cocycle of transition functions for f*(E) over M’ with covering

{f 7 (Ua)}aes.



Chapter 4

Extension and reduction of
principal bundles

We will now examine the relation between principal bundles with different struc-
ture groups. In the following let G and H be two Lie groups and : H — G a
Lie group homomorphism. Typically « is the inclusion of a closed Lie subgroup.
Now suppose (F, 7w, M) is a principal H-bundle and (F,{, M) is a principal
G-bundle.

Definition 4.1. Let ¢: F — F be a differentiable mapping of the total spaces
such that the following holds.

(1) The diagram
F—2>E
M

commutes, ie. ¢, = ¢|r, maps F}, into £, for all p € M.

(2) The map ¢ is a-equivariant, ie.,
oz -h) = () - alh) forallz € F, h € H.

Then ¢: F' — E is called an extension of F' to G relative to a and is also called
a reduction of E to H relative to «

Notation. (1) We will often omit the term “relative to «” if a is clear from the
context, e.g. when « is the inclusion of a Lie subgroup.

(2) When « is surjective with non-trivial kernel one usually calls a reduction a
lifting of the bundle F to H.

(3) Often the extension is just denoted by the target F and similarly a reduction
is denoted by the domain F. But it should be kept in mind that ¢ is part of
the structure. This is important when talking about equivalences of extensions
resp. reductions (liftings).

25
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Definition 4.2. (1) Two extensions p1: F — Fj and ¢o: F — E5 are equiv-
alent if there is an isomorphism %) in the commutative diagram

S

Es

F

(2) Two reductions (liftings) ¢1: F1 — E and ¢9: F» — FE are equivalent if
there is an isomorphism % in the commutative diagram

I
—

Example 4.3. (1) Let (V, 7, M) be a vector bundle with a Riemannian metric.
Then the inclusion Fo (V) C F(V) of the orthogonal frame bundle into the frame
bundle is an extension relative to the inclusion O(n) C GL(n,R). Thus the
Riemanian metric defines a reduction of the principal GL(n, R)-bundle F(V') to
O(n). Furthermore there is a 1-1 correspondence between the set of Riemannian
metrics on V' and the set of equivalence classes of reductions.

(2) Let GL(n,R)™ C GL(n,R) be the subgroup of non-singular matrices with
positive determinant. By definition a vector bundle (V, 7, M) is called orientable

if the frame bundle F'(V) has a reduction to GL(n,R)" and a choice of equiva-
lence class of reductions is called an orientation of V' (if orientable).

E

Fy

Proposition 4.4. Let a: H — G be a Lie group homomorphism and let
(F,7, M) be a principal H-bundle. Then there is an extension of F' to G relative
to a and any two extensions are equivalent.

Proof. There is a left H-action on G defined by h-g = «a(h)g for h € H
and g € G. Consider the associated fibre bundle with fibre G, i.e. the bundle
(Fg,mg, M) where Fg = F x¢ G and ng(z,g9) = n(x) for z € F,g € G. Here
F& has a natural right G-action given by

(z,9)9" = (x,99"), reF, g9 e

It now follows from Proposition 3.8 that (Fg,mg, M) is a principal G-bundle.
Furthermore the natural mapping ¢: F — F X G defined by ¢(z) = (z,1)
makes Fi an extension of F' to G. If ¢': FF — FE’ is any other extension then
there is a natural isomorphism v: Fg — E’ given by

U(x,g) =¢'(x)- g, reF,gelG

and clearly the diagram
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commutes. Hence ¢': FF — E’ is equivalent to p: F — Fg. O

Hence extensions exist and are unique up to equivalence. Reductions (or
liftings) do however not always exist, and if they do, they are usually not unique.

Exercise 4.5. Let a: H — G be a Lie group homomorphism and (E,w, M) a
principal G-bundle.

(1) Show that E has a reduction to H if and only if there is a covering U =
{Ua}aes of M and a set of transition functions for F of the form {aohog}a,ges,
where hog: U, NUg — H are smooth functions satisfying the cocycle condition
(3.4)

(2) If H C G is a closed embedded Lie subgroup and « is the inclusion, show
that E has a reduction to H if and only if there is a covering U = {U, }aes of
M and a set of transition functions {gag}a.gex for E with {gas} mapping into
H.

Let us now restrict to the case where H C G is a closed embedded Lie
subgroup and « is the inclusion.

We need the following lemma.

Lemma 4.6. The natural projection 7: G — G/ H defines a principal H-bundle
(G,7,G/H).

Proof. Let U C G be alocal cross section, that is, U is an embedded submanifold
of G containing the identity element e, such that 7(U) = W is open in G/H
and m: U — W is a diffeomorphism. Let s: W — U be the inverse. We now get
a local trivialization f:7=%(W) — W x H defined by

This is clearly smooth and so is the inverse
fHw, h) = s(w) - h.

Also f and f~! are H-equivariant, hence f is a local trivialization . Similarly
over the neighborhood gW we have the trivialization

fg:ﬁfl(gW) — gW x H

given by

with inverse

Syt uh) =g-s(g™u) - h.

This shows that (G,n, G/H) is a principal H-bundle. O

More generally we can now prove:
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Theorem 4.7. Let H C G be a closed embedded Lie-subgroup and let (E,m, M)
be a principal G-bundle.

(1) There is a natural homeomorphism k in the commutative diagram

E/H — E x¢ (G/H)

%/H

where T is induced by 7. In particular E/H has a natural differentiable structure
induced by k.

(2) Let7: E — E/H be the natural projection. Then (E, 7, E/H) is a principal
H-bundle.
(3) There is a 1-1 correspondence between the set of sections of the bundle

(E/H,7, M) with fibre G/H and the set of equivalence classes of reductions of
FE to H.

IIZ >

Proof. (1) The map k is just induced by the natural inclusion E — E x (G/H)
sending x to (z,[H]) and the inverse is induced by the map E x G/H — E/H
given by k™! (x,gH) = zgH. Since E x¢ (G/H) = Eg,p is the total space in
the associated fibre bundle with fibre G/H, it has a differentiable structure as
noted in Proposition 3.8.

(2) Since the differentiable structure on E/H is given via the homeomorphism &
we have local trivializations of (E/H, 7, M), that is, over suitable neighborhoods
U C M we have a commutative diagram

N U) — > UxG

El

with the horizontal maps being diffeomorphisms.

By Lemma 4.6 G — G/H is a locally trivial H-bundle; hence by the upper
part of the diagram above (F, 7, E/H) is also locally trivial.

(3) Suppose we have a reduction ¢: F — FE, where (F,my, M) is a principal
H-bundle. Then ¢ induces a natural map

sp:M=F/H — E/H

which is easily checked to be a smooth section of (E/H, &, M) using local trivi-
alizations. Also if p1: F1 — FE and py: Fo — FE are equivalent reductions then
clearly s,, = 54,.
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On the other hand if s: M — E/H is a section then we get a bundle map
of H-bundles

s'(E) — > E

]

— > E/H

S

and it follows that §: s*(E) — FE is a reduction of F to H. O

Remark. (1) In particular E has a reduction to H if and ounly if (E/H, 7, M)
has a section.

(2) For H = {e} Theorem 4.7 gives a 1-1 correspondence between trivializations
of E and sections of F.

Exercise 4.8. (1) Let G = H - K be a semi-direct product of the two closed
embedded Lie subgroups H and K, that is, H is invariant and the natural map
K — G — G/H is an isomorphism of Lie groups. show that if (E, 7, M) is a
principal G-bundle then (E/H, 7, M) is a principal K-bundle.

(2) For k < n let W, 1, be the manifold of k linearly independent vectors in R,
let

Gr(R") = W, 1/ GL(k,R)

be the Grassmann manifold of k-planes in R™, and let 7, 1: Wi, 1, — Gr(R™) be
the natural projection. Show that (Wi, k, Vn k, Gk (R™)) is a principal GL(k,R)-
bundle.

(3) Similarly let V;, x € W, i be the Stiefel manifold of k orthogonal vectors in
R™ with the usual inner product. Show that the inclusion V;, , C W), ; defines
a reduction of the bundle defined in (2) to the group O(k) C GL(k,R)

(4) Show that the natural map

1:Wi(R™) Xar ) RF — GR(R™) x R™
defined by

(X, v) = ([X], Xv)

is an embedding. (Here [X] = 7,,x(X) is the subspace spanned by the column
vectors in the matrix X, and Xwv denotes usual matrix multiplication. Notice
that { identifies the total space of the associated bundle with fibre R¥ with the
submanifold of G (R™) x R™ consisting of pairs ([X], w) where w € [X].)



Chapter 5

Differential Forms with
Values in a Vector Space

In the following M denotes a differentiable manifold and V' a finite dimensional
vector space. We shall consider differential forms with values in V', generalizing
the usual real valued differential forms.

Definition 5.1. A differential form w on M with values in V associates to k
differentiable vector fields X1,..., X}, on M a differentiable function

wXy,...,. Xp): M —V
such that

(1) w is multilinear and alternating.

(2) w has the tensor property, ie.,
W(Xlaan’Laan):fw(Xlaan)
for all vector fields X5,..., Xy on M, f € C°(M)and i =1,...,k.

Remark. Alternatively w is defined as a family w,, x € M of k-linear alternating
maps

wWe: Ty (M) x -« x Typy(M) — V
such that for all k-tuples of differentiable vector fields X1, ..., X} the mapping
T+ wl(X1($)7 R Xk(lﬂ))

is differentiable.

Remark. If we choose a basis {e1,...,e,} for V then we can write w uniquely
in the form

w=wie1 + -+ wnen

where wyq, . ..,w, are usual differential forms on M. Hence relative to a choice of
basis {e1,...,en}, there is a 1-1 correspondence between differential forms with
values in V' and n-tuples of usual differential forms {w1,...,w,}. Note that we

tacitly did so already in the introduction in the case of V.=R" or V. = M (n, R).

30
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Notation. The set of differential k-forms on M with values in V' is denoted by
QF(M,V). For V =R we have QF(M) = QF(M,R).

Similar to the usual case we have an exterior differential
d:QF (M, V) — QFL(M, V).

Relative to a choice of basis {e1,...,e,} for V it is just defined for w = wie; +
- F wnep by

dw = (dwy)ey + - - + (dwp)en

and it is easy to see that this equation is independent of basis. Furthermore we
have the usual identities

d(dw) = 0, for all w € Q¥(M, V), k € N,
(dW)(Xl, .. .,Xk+1)
k+1 e
—Z D X w( X, Xy, Xig) (5.1)
+ Y DX X X, X X )
1<J
for all differentiable vector fields Xi, ..., Xx4+1. These formulas follow easily

from the corresponding ones for usual differential forms.

In order to generalize the wedge product of two differential forms we need
the notion of the tensor product V ® W of two finite dimensional vector spaces
V and W. First let Hom?(V x W,R) denote the vector space of bilinear maps
V x W — R and then define V ® W as the dual vector space

V ® W = Hom(Hom?(V x W,R),R).
ForveVand w e W we definev®@w € VW by

(0,0 @w) = p(v,w), p € Hom®(V x W,R).

We now have the following proposition.
Proposition 5.2. (1) The mapping @:V xW — V QW given by (v,w) —
v ® w is bilinear.

(2) There is a bijection for any vector space U
Hom(V ® W,U) —— Hom?(V x W, U)

given by o — p o ®.

(3) V®W is generated by the set of vectors of the form v ® w, where v € V
andw e W.

(4) If{e1,...,en} and {f1,..., fm} are bases for V resp. W then {e; ® f;} is
a basis for V.@ W. In particular

dim(V @ W) = dim(V) - dim(W).
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Exercise 5.3. Prove Proposition 5.2.

For w; € QF(M,V) and wy € QY(M,W) we can now define the wedge
product wy; Aws € QHF(M,V ® W) by the usual formula

(wl /\WQ)(Xl, .. .,XkJrl)

= Z sign(o)w1(Xo(1)s - -+ X)) © W2(Xo(kt1)s - - - » Xo(k41))

where o runs over all (k,[)-shuffles of 1,...,k+1. As usual one has the formulas
w1 A (w2 Aws) = (w1 Aws) Aws,
for all wy € QF(M,U), we € QYM, V), w3 € Q™(M, W),
d(wi A ws) = (dwi) Aws + (—1)*w; A (dws)
for all w; € Q¥(M,U), wy € QY(M,W). Furthermore for a linear mapping
P:V — W there is an induced mapping P: Q*¥(M,V) — QF(M, W) defined
by
(Pw)(X1,...,X3) = Pow(Xy,..., Xp)
and it is easy to see that
d(Pw) = P(dw), we QM V).

In particular let T: VW — W ®V be the linear mapping given by T'(v®@w) =
w ® v. Then one has

wo ANwyp = (—1)le(UJ1 1A\ wg) (52)

for all w; € QF(M,V), wy € QY(M,W). Finally for f: M — N a differen-
tiable mapping of differentiable manifolds we get as usual an induced mapping
[ QF(N, V) — QF(M, V), where for w € Q¥(N, V), f*(w) is defined pointwise
by

f*(w)Z(Xla v 7Xk) = wf(x)(f*(Xl)a ceey f*(Xk))

for X4,..., Xy € T,(M). Then one also has the formulas
frwr Awg) = (ffwi) A (frw2),
d(f*(w)) = f*(dw),
fH(P(w)) = P(f*(w))

for P:V — W a linear mapping and for all w € QF(N, V), w1 € QF(N,V) and
wy € QZ(N, W)

Exercise 5.4. Prove all unproven statements in the above.



Chapter 6

Connections in Principal
G-bundles

We now come to our main topic which, as we shall se later, generalizes the differ-
ential systems considered in the introduction. This is the notion of a connection.

In general we consider a Lie group G with Lie algebra g = T.G, and we
let Ad:G — GL(g) be the adjoint representation, i.e., for ¢ € G Ad(g) is the
differential at the identity element e of the mapping « — gzg~!, z € G.

Let (E,m, M) be a principal G-bundle. For a fixed © € F the mapping
G — FE given by g — xg, g € G, induces an injective map v,:g — T, FE and
the quotient space by the image of v, is mapped isomorphically onto T5 ()M
by the differential 7, of . That is, we have an exact sequence of vectorspaces

Ve

0 > g y ToFE ——— Tr(yM ——— 0

The vectors in v, (g) C T, F are called vertical tangent vectors of E and we want
to choose a complementary subspace H, C T, F of horizontal vectors, i.e., H, is
mapped isomorphically onto T ;)M by 7.. This choice is equivalent to a choice
of linear mapping w,: T, F — g, such that

Wy 0 Uy = idg (6.1)

and such that H, = kerw,. Furthermore we shall require w, to vary differen-
tially, i.e., {w, | * € E} defines a differential 1-form with values in g, hence,
w e QY (E,g).

Example 6.1. Consider the trivial bundle £ = M x G, m: M x G — M the
natural projection. We define wyic € Q1(E, g) as follows:

(WMC) (pg) = (L1 0 T2)s, peEM,ged (6.2)

where mo: M XG — G is the projection onto the second factor and L, G— G

is left translation by g—1. Let us show that wyc € QY (E, g), that is, we shall show
that wyc is differentiable. First notice that wyc = 75 (wo) where wg € Q(G, g)
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is defined by

(o) = (Ly)-. (6.3)

Hence it suffices to show that wp is differentiable. For this notice that if X €
g =T.G and X is the corresponding left invariant vector field then

WO()?) =X

is constant and hence differentiable. Since every differentiable vector field Y on
G is a linear combination of left invariant ones with differentiable coefficients it
follows that wo(Y") is differentiable, hence wy is differentiable. Furthermore wyic
satisfies (6.1): In fact for z = (p, g), v, is the differential of the map G — M xG
given by a — (p, ga), an hence (wyc)z o v, = id, = id.

Remark. The form wy on G is called the Maurer-Cartan form. For G = GL(n, R)
it is just the form

wo = g~ 'dg, g €G@G.

The form wyc in example 6.1 satisfies another identity: For g € G let
R,: E — E denote the right multiplication by g, that is Ry(z) = zg, z € E. In
the case E = M x G we just have

Ry(p,a) = (p,ag) pe M, acdG.
Lemma 6.2. In E =M x G the form wyc defined by (6.2) satifies

Rywmc = Ad(g™1) o wmic, forall g € G, (6.4)
where Ad(g=1)o: QY(E, g) — QY(E, g) is induced by the linear map

Ad(g™"):g — g.
Proof. Since wyic = miwo, for wy given by (6.3), and since

Rywnmc = Ry o mwo = 75 0 Rjwo
it suffices to prove (6.4) for w = wp on G. But here we have for a € G:

R (@)a = wag o (Ry).

= (L(ag)*l)* o (Rg)*

— Ad(g) o (L),
= Ad(g_l) O Wgq,

completing the proof. O

With this as motivation we now make the following definition.



35

Definition 6.3. A connection in a principal G-bundle (E, 7, M) is a 1-form
w € QY(E, g) satisfying

(1) wgow, =id where v,: g — T, F is the differential of the mapping g — zg.
(2) Rjw=Ad(g~")ow,forallg € G, where Ry: E — Eis given by Ry(x) = xg.

There is a more geometric formulation of (2): For a 1-form w € Q'(F, g)
satisfying (1) in Definition 6.3 let H, C T, F, x € E, be the subspace

H, = kerw,.

Then as noted above m,.: H, — Tr(z)yM is an isomorphism. Therefore H, C T, F
is called the horizontal subspace at x given by w, and a vector in H, is called a
horizontal tangent vector in E.

Proposition 6.4. For w € QY(E, g) satisfying definition 6.3 (1), the require-
ment (2) is equivalent to

(2") (Rg)+Hy = Hyy, for allz € E and g € G.
That is, the horizontal vector spaces are permuted by the right action of G
onTE.

Proof. (2) = (2'). If X € H,, then we obtain
wWag(Rgu X) = (Ryw)(X) = Ad(g7 ) (w(X)) = 0;

hence Ry X € Hyyg.

(2") = (2). To prove (2) notice that both sides are zero when evaluated on
horizontal vectors. Hence it is enough the verify (2) when evaluated on a vertical
vector vy (X), X € g. But for g € G we have

Ry 0 v, = vgg 0 Ad(g ™)
since both sides are the differential of the mapping G — F given by
avr— zrag = xg(g_lag).
Hence by (1)
Ry (w)(v2(X)) = wag(vag 0 Ad(g™1)(X)) = Ad(g™")(X),
completing the proof. O

Remark. By Lemma 6.2 the form wye € Q1 (M x G) defined in example 6.1 is
a connection in M x G. This is often called the Maurer-Cartan connection, the
trivial connection or the flat connection. Notice that in this case the horizontal
subspace at = (p, g) is the tangent space to the submanifold M x {g} C M xG.

Proposition 6.5. (1) Let (f, f):(E',7',M') — (E,n, M) be a bundle map of

principal G-bundles and let w € QY(E,g) be a connection in E. Then ffwisa
connection in E'.

(2) In particular if p: ' — E is an isomorphism of principal G-bundles over
M and w € QY(E, g) is a connection in E then w? = p*w is a connection on F.



36

(3) Suppose wy,...,wr € QYE,g) are connections on the bundle (E, 7, M) and
Ay A € CF(M) satisfy o, Ai = 1 then the sum

w = Z)\iwi

s also a connection on E.

Exercise 6.6. Prove Proposition 6.5.

Corollary 6.7. Every principal G-bundle has a connection.

Proof. Let U = {U,}aes be a covering of M with trivializations ¢a: E|y, ——

U, X G. By Proposition 6.5 the Maurer-Cartan connection in U, x G pulls back
to a connection w, in E|y,. Now choose a partition of unity {A,}aes and put

w = Z AaWa-

Then w is a well-defined 1-form on E, and, by Proposition 6.5 (3), it satisfies
the requirements for a connection (since these are local conditions). O

Next let us look at a local description of a connection, i.e., let us look at a
general connection w in a product bundle:

Proposition 6.8. Let E = M xG be the product bundle with projection 7: B —
M, and let i: M — E be the inclusion i(p) = (p,e).

(1) The induced map i*: Q' (E,g) — QY (M, g) gives a 1-1 correspondence be-
tween connections in E and g-valued 1-forms on M.

(2) Let ¢: E — E be an isomorphism of the form ¢(p,a) = (p,g(p)a) for
g: M — G a differentiable map, and let w € Q' (E, g) be a connection in E with
i*w=A€QYM,g). Then w¥ = p*w satisfies

i*w? = A% = Ad(g™ ) 0o A + ¢g*(wo) (6.5)

where wy € QY(G, g) is the Maurer-Cartan form on G.

Proof. (1) First notice that given A € Q!(M,g) there is a unique form A e
QY(E, g) with i*A = A such that

(i) A(X)=0for X € T, E a vertical vector.
(i) RiA=Ad(g~")oA forallgeG.
In fact, for 2 = (p,e) A is determined by A and (i) since
T.E = ker(r,) & i.(T,M),
and for y = (p, g) = Ry(z), (ii) implies that
A, =Ad(g") 0 A,
which proves uniqueness. On the other hand the form A given by

Ay =Adlg™HoA,om, (6.6)
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defines a form satisfying (i) and (ii). Now if wye denotes the Maurer-Cartan
connection om F then the correspondence

g<—>ch+ﬁ

gives a 1-1 correspondence between 1-forms satisfying (i) and (ii), and the set
of connections in E.

(2) As above we write
w =wMmc + A
where A = i*w. Then
w? = p*wnc + p A
gives
AP = *w? = i*p*wnc + i A

where wyic = m3wg with me: M X G — G the projection. Now m3 0 goi = g so
that

i ome = et Tiwe = gFwo.
Also by (6.6)
(" A), = Z(p,g(p)) o (poi).
= Ad(g™) o Ay om0 (poi).
=Ad(g™ 1) o 4,
since o @ o i = id. (|
Remark. Notice that for the Maurer-Cartan connection wyic, A = i*wyme = 0.

Corollary 6.9. Let (E, 7, M) be a principal G-bundle and letU = {Uy }acx be a
covering af M with trivializations {pq }aex and transition functions {gag}ta ges-
Then there is a 1-1 correspondence between connections in E and collections of
1-forms {As € QY (Ua, 9) }aes satisfying

Ag = Ad(g;[‘}) o A + g5pwo (6.7)
on Uy, NUg.

Proof. If w is a connection in F the trivialization ¢,: E|y, — Uy X G defines
a connection in U, X G by

Wa = (50;1)*“}-
For 3 € ¥ we then have over U, N Ug that

wg = Yo pWa (6.8)
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where 1o8: (UaNUp) x G — (U, NUg) x G is the isomorphism 1,3 = @q ocpgl,
so that

Yap(p,a) = (p, gap(p)a).
Hence (6.7) follows from (6.8) and Proposition 6.8, (2).

On the other hand suppose { A, }aex is given. Then there are corresponding
connections {wy,} in U, x G as in Proposition 6.8, (1) and by Proposition 6.8,
(2), (6.7) implies (6.8) or equivalently

PaWa = ‘P%wﬁ

on K |Uang- Hence we get a well-defined connection w in E such that the re-
striction to F|y, is ¢iwa. O

Notation. Often a connection is identified with the collection {A4}aex of local
connection forms. It is then denoted by A.

In the proof of Proposition 6.8 we encountered two important conditions
((i) and (ii)) on differential 1-forms on the total space E of a principal G-bundle
(E, 7, M). Let us state these for general k-forms on E with values in a finite
dimensional vectorspace V.

Definition 6.10. (1) A differential k-form w € QF(E, V) is called horizontal
if wx(Xy,...,X%) =0 for all k-tuples of tangent vectors X1,..., Xy € T, F for
which at least one is vertical.

(2) Let p: G — GL(V) be a representation of G on V. Then w € Q*(E, V) is
called p-equivariant if

* —1
Ryw=plg™") ow, for all g € G.

(3) if p in (2) is the trivial representation then a p-equivariant form is called
mvariant.

(4) If w is both invariant and horizontal then it is called basic.

Proposition 6.11. Let (E,m, M) be a principal G-bundle and let U = {Uy }oecx
be a covering of M with trivializations {¢a tacx and transition functions {gas}a.pes-
Let p:G — GL(V) be a representation. Then there is a 1-1 correpondence

between horizontal p-equivariant k-forms w on E and collections of k-forms
{Wa € Q¥(Uy, V) }aes satisfying

wg = p(98a) © Wa on Uy NUg. (6.9)
Here w, is the pull-back of w by the local section Uy, — E|y,, sending p € U,

to o3 (pe).

Proof. This is proved exactly as in the proof of Corollary 6.9 using the following
lemma. The details are left to the reader. [l

Lemma 6.12. Let E = M X G be the product bundle with projection m: E — M,
and let i: M — E be the inclusion i(p) = (p,e). Let p:G — GL(V) be a
representation.
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(1) The induced map i*:QF(E,V) — QF(M,V) gives a 1-1 correspondence
between horizontal p-equivariant k-forms on E and all V -valued k-forms on M.

(2) Let p: E — E be a isomorphism of the form o(p,a) = (p,g(p)a) for
g:M — G a differentiable map. If & € QF(E,V) is horizontal and equivariant
and if we put w =i*@ then

*(p*@) = plg™") ow. (6.10)

Proof. Again the proof is similar to the proof of Proposition 6.8 and the details
are left to the reader. We only note that given w € Q¥(M, V') the corresponding
p-equivariant horizontal k-form @ on E is given by

@ (pg)(X1s oo, Xi) = plg™ N wp(m X, ..., mXy)) (6.11)
fOI‘Xl,...,XkET(pﬁg)(E),pEM,gEG. (|

Corollary 6.13. Let (E, 7, M) be any principal G-bundle and let V' be a vector
space. Then ©:QF(M,V) — QF(E,V) gives an isomorphism onto the basic
forms on E.

Proof. This follows immediately from Proposition 6.11 since the collection {wq }aen
in that case defines a well-defined form w on M and since by (6.11) the corre-
sponding horizontal invariant form @ on E is just the pull-back by 7. |

Remark. Let p: G — GL(V) be any representation, and for (E,x, M) a princi-
pal G-bundle let (Ey, 7y, M) be the associated vector bundle, i.e., the associated
fibre bundle with fibre V' using the left action of G on V' given by gv = p(g)v,
g € G, v € V (cf. Exercise 3.11). Then Proposition 6.11 states in particular
for £ = 0 that there is a 1-1 correspondence between the set of p-equivariant
functions §: F — V and the set of sections s of the vectorbundle Ey . This
set is often denoted I'(M, Ev) (cf. Proposition 2.11). We shall denote the set
of p-equivariant horizontal k-forms on E by QF(M, Ey), so that in particular
QO(M, Ey) =T'(M, Ey). Notice that Q¥(M, Ey) is a real vector space.

Corollary 6.14. Let (E,m, M) be a principal G-bundle. Then the set of con-
nections in E is an affine space for the vector space Q' (M, Ey). That is, given

one connection wg any other connection wy has the form wy + A for some
A e QY (M, Ey).

Notation. The set of connections in (E,m, M) is denoted A(F) or just A when
E is clear from the context.

Definition 6.15. (1) A gauge transformation ¢ of the principal G-bundle
(E, 7, M) is an automorphism of F, that is, a bundle isomorphism ¢: E — FE.

(2) Two connections wy,ws € A(E) are called gauge-equivalent if there exists
a gauge transformation ¢ such that
wy = wi = @ wy. (6.12)

Remark. Notice that the set of gauge transformations G = G(FE) is a group and
that

(W)Y = WY, for all p,v € G, (6.13)

W =Ww.
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That is, G acts from the right on the set A and the set of gauge equivalence
classes is just the orbit space A4/G.

Exercise 6.16. (1) Show that there is a 1-1 correspondence between G and
each of the following 3 sets.

(1.a) The set of differentiable maps 6: E — G satisfying & (zg) = g~ *

r€eFE geq.

(1.b) The set of sections of the fibre bundle (F;q,mq, M) associated to the
action of G on itself by inner conjugation (that is, g(a) = gag™?!).

a(z)g,

(1.c) Given {Uq,}aes a covering of M and trivializations with transition func-
tions {gag}a,gen, the set of families of differentiable maps {04: Uy — Glaex
satisfying

JaB08 = 0agag on U, NUg. (6.14)

(2) In the above notation let ¢ € G correspond to the family {o, }qex and let
w be a connection in F with corresponding local connection forms {4, }aes.
Show that w? has local connection forms {AZ*}4es where

A% = Ad(o, ') 0 Ay + orwo (6.15)
an wo is the Maurer-Cartan form.

Finally let us consider extension and reduction of connections.

Definition 6.17. Let a: H — G be a Lie group homomorphism and let F' be
an H-bundle and ¢: F — FE an extension of F' to G. Furthermore let wp be a
connection in F' and wg be a connection in F. Then wg is called an extension
of wp (and wp a reduction of wg) if

O *WE = ay owF. (6.16)

Exercise 6.18. Let a: H — G and ¢: F — FE be as above.

(1) Show that if wp is a connection in F' and wg is an extension in E then ¢,
maps the horizontal vector spaces in F' isomorphically to the horizontal vector
spaces in F.

(2) Show that if wp is a connection in F' then there is a unique extension wg
to E.

(3) Let {Uq}aes be a covering of M with trivializations of F' respectively of
E such that the transition functions are {hog}a ges for F respectively {« o
hapta,pex for E. Show that if wp has local connections forms {44 }aex then
the extension wg has local connection forms {a, o A, }aes-

Remark. In particular if H is a Lie subgroup and « is the inclusion then wg
and wg have the same local connection form.



Chapter 7

The Curvature Form

As before let G be a Lie group with Lie algebra g and let (F, 7, M) be a principal
G-bundle with connection w. We will now define the curvature form generalizing
the form F4 in (1.7). Since w € Q'(E, g) we have w A w € Q?(F,g ® g) and we
define [w,w] € Q?(F, g) to be the image of w A w by the linear mapping

[ -lg®g—yg
determined by the Lie bracket, i.e. the mapping sending X ® Y to [X,Y], X, Y €
g.

Definition 7.1. The curvature form F, € Q?(E,g) for the connection w is
defined by the equation (the structural equation)

dw = -1 [w,w] + F,. (7.1)

In the above notation we have the following theorem.

Theorem 7.2. (1) If E = M X G and w = wyc is the Maurer-Cartan con-
nection then F,,, =0, that is,

dwye = — § [wme, wac]. (7.2)

(2) In general F,, is horizontal and Ad-equivariant, i.e. defines a 2-form (also

denoted) F,, € Q*(M, Ey).
(3) (The Bianchi identity) Furthermore

dF, = [F,,w). (7.3)

In particular dF,, vanishes on triples of horizontal vectors.

(4) Suppose {Uy}aes is a covering of M with trivializations {pa}aes of Elu,
and transition functions {gagstases. Suppose w has local connection forms {Ag}aes-
Then the curvature form F,, corresponds to the family Fa, € Q*(U,,g) given
by

Fa, =dAs + 3 [Aa, Adl. (7.4)
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Notation. We will often denote the connection by A = {A,}aex and in that
case identify the curvature form with the collection Fiy = {Fa_ }aex given by
(7.4).

For the proof of Theorem 7.2 we need a few preparations. First note that
given A € g there is an associated vector field A* on E defined by A% = vz (A),
x € E. Here as usual v, is the differential of the map G — FE given by g — zg,
g € G. Notice that for A, B € g we have

(A, B* = [4*, B*]. (7.5)

To see this we observe that it is enough to show (7.5) locally, and hence we
can assume that F is a product bundle ¥ = M x G. lf m71: M x G — M and
mo: M x G — @ are the two projections then for A € g, the vector field A* is
the unique vector field on E which is mi-related to the zero vector ﬁpld on M
and is my-related to the left invariant vector field A on G. Since [A, B] = [A, B]
for A, B € g it follows that [A*, B*] is again m-related to zero and ma-related

to [A, B]~7 hence (7.5) follows.

Next we observe that the vector field A* generates a 1-parameter group of
diffeomorphisms of E given by ¢ — Ry, , t € R, with ¢g; = exp(tA). That is, we
claim that for each x € FE, the curve t — xg;, t € R, is an integral curve for
the vector field A*, i.e. it satisfies the differential equation

9 .

=Ry (@) = AR, (o) (7.6)
For t = 0 this follows from the definition of A* and hence we have for ¢ arbitrary:

5} 5] 0 *

&Rgt (:L') = %Rgert (1')|S:0 = %Rgs (Rgt (z))|s:O = AR“ (z)*

We now have the following lemma.
Lemma 7.3. LetY be a differentiable vector field on E and let A € g as above.
Then
Y, -Y>
t
where Y9t = (Rgt)*(YR;tl(z)) eT,E.

[A*, Y], = lim
t—0

Proof. (For a more general result see e.g. [S, ch.V, Thm. 10] or [W, Proposition
2.25 (b)].)

Since F is locally trivial we can take F = U x G where U C M has a local
coordinate system (1, ..., 2™). Also choose a basis A, . .., Ay for g. Then every
vector field Y on E has the form

n ) k
Y:Zaazi—i_J

i=1

b A;
=1

where a’,b7 € C°°(E). Also, since A* is constant in the z‘-direction we have
[A*,0/02") =0,i=1,...,n, so that

0
oz’

k
+ ) (A7) A; +bI[A, A, (7.7)

j=1

[mn:zmw>
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On the other hand

n

+ 3 (0 (xg N AG () = b (2g; ") Ry, , Af (29, 1))-

j=1

Hence, using (7.6), we have

Y, -vye & 9 k 4
lim L = E A% (a") + Y AT (V)A;(x) +

t—0 t oz’ :
. (7.8)
b (x) lim (A" R, A*(xg !
+Z (x)tinog( j(x)_ Gt % j(xgt ))-
=1
Here
Ry, Al(zgr ") = va(Ad(g; ") (4;));
hence
.1, v/
Jim, ;(Aj () — Ry, A5 (g, ")) = v2(By)
with

By = Jim 2(4; ~ Ad(g)(4) = — ad(~A)(4;) = [4, 4]

t—0

Inserting this in (7.8) and comparing with (7.7) we obtain the formula in
Lemma 7.3 g

Proof of Theorem 7.2. First notice that (1) follows from (2). In fact, as in the
proof of Lemma 6.2, wpe = m5wo, where wg is the Maurer-Cartan connection
on the bundle G — pt, that is, F,,. = 75 F,,. But if F,, is horizontal then it
is clearly O, and hence also F,,,,, = 0.

(2) Since w is Ad-equivariant also F,, = dw + %[w,w] is Ad-equivariant. We
shall just show that it is horizontal, that is, for X, Y € T, F we must show that
if X is vertical then

(dw)(X,Y) = — 3 [w,w](X,Y). (7.9)
Since

[w, w[(X,Y) = [w(X),w(Y)] = [w(Y), w(X)] = 2[w(X), w(Y)]
(7.9) is equivalent to

(dw)(X,Y) = —[w(X),w(Y)]. (7.10)
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We have two cases: (1) Y is vertical; (2) Y is horizontal.
Case (1). Y is vertical. To show (7.10) for X and Y vertical we now take
X =A% Y =B} for A, B € g and compute using (5.1):
(dw)(A", B") = A" (w(B")) — B*(w(A")) — w([A", B"])
= A"(B) — B*(A) - w([A, B]")
= 7["47 B]
= —[w(A"), w(B")]

(7.11)

which is (7.10) in this case.

Case (2). Y is horizontal. Again we take X = A for A* the vector field
associated to A € g as above. Also we extend Y to a vector field of horizontal
vectors (also denoted by Y). This is possible since for an arbitrary vector field
Z on F extending Y the vector field defined by

Yy =2y —vyowy(Zy), yek

is horizontal. For the proof of (7.10) we thus have to prove for A € g and Y a
horizontal vector field:

(dw)(A*,Y) =0. (7.12)
Since w(A*) = A is constant and since w(Y) = 0 we get using (5.1):

(dw)(A"Y) = —w([A",Y]). (7.13)
Since Y is horizontal we get
w(Y*) = (Rg,w)(Yp-1 () = Ad(g; ") o w(Yp-1,)) = 0.
Hence

0,
—s0 t

—_ VY9t
W([A%,Y,]) = lim w<u>
and by (7.13) we conclude
(dw)(A",Y) =0

which proves (7.12) and hence (7.10) in case (2). This finishes the proof of
Theorem 7.2 (2) and hence also of (1).

(3) Let us differentiate the equation (7.1):
0=— % [dw, w] + % [w, dw] + dF,
= —[dw,w] + dF, (7.14)
= % [[wvw]vw] - [Fwaw] + de

where we have used (5.2) and (7.1). But

[lw,w],w] =0 (7.15)
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lw, W], wI(X,Y, Z)

= [lw,w](X,Y),
+ [lw, (Y, ]

= 2([[w(X), w(Y)],w(2)] - [[w(X),w(2)],w(Y)] +

)]s w(
+ (W), w(Z)], w(X)])
=0,

by the Jacobi identity. By (7.14) and (7.15) we clearly have proved (7.3).
(4) This follows directly from (7.1) O

Remark. Let X and Y be two horizontal vector fields on E. Then by (7.1) we
get

F (X,Y) = —w([X,Y]). (7.16)

Remark. Suppose (f, f): (E',7',M') — (E,= M) is bundle map and w is a
connection in F w1th curvature form F,,. Then f w is a connection in E’ with
curvature form f F,,. In particular if ¢: B/ — FE is a bundle isomorphism and
w connection in F then w? = ¢*w has curvature F,» = ¢*F,,.

Definition 7.4. A connection w in a principal G-bundle is called flat if the
curvature form vanishes identically, that is if F,, = 0.

Theorem 7.5. Let (E,w, M) be a principal G-bundle with connection w. Then
w is flat if and only if around every point in M there is a neighborhood U with
a trivialization p: 7~ (U) — U x G such that w restricted to E|y is induced by
the Maurer-Cartan connection in U x G, that is w|g|, = ¢*wmc.

Proof. (<) This follows clearly from Theorem 7.2 and the above remark.

(=) Assume F,, = 0. For z € E let H, C T, F be the subspace of horizon-
tal vectors, that is H, = kerw,, x € E. This defines a distribution which is
integrable; in fact, if X, Y are horizontal vector fields then by (7.16) we have

0=F,(X,Y) = —w([X,Y])

so that [X,Y] is again a horizontal vector field. By the Frobenius Integrability
Theorem there is a foliation F = {F,}aer of E such that for each x € E H, is
the tangent space to the leaf through x. For g € G the diffeomorphism Ry: £ —
E satisfies Ry H, = Hy4, Vo € E, by Proposition 6.4; hence R, maps the leaf
through z diffeomorphically to the leaf through zg. Now fix p € M, z € 7 1(p)
and let 7, C E be the leaf through x. Since T, F, = H, and m.: H, — T, M is
an isomorphism we can apply the Inverse Function Theorem and we can choose
neighborhoods U of p and V' C F,, of z such that m: V' — U is a diffeomorphism.
The inverse mapping s: U — V C 7~ 1(U) defines a differentiable section in the
bundle E|;; and hence a trivialization ¢ = ¢~ 1:771(U) — U x G whose inverse
is defined by ¥(q,9) = s(q)g, ¢ € U, g € G. The fact that ¢ is differentiable
follows from the Inverse Function Theorem. Now let w’ be the connection in



46

E|y induced by the Maurer-Cartan connection in U x G, that is w’ = ¢*wnc.
By the remark following Proposition 6.4 the horizontal vector space at a point
of the form yg, y € V, g € G is

(Ry)«(Ty (V) = (Ry) Hy = Hyg

which is also the horizontal vector space for w. Hence w|p, and w’ have the
same horizontal subspaces and therefore they agree. [l

Corollary 7.6. Let (E,m, M) be a principal G-bundle. Then the following are
equivalent:

(1) E has a flat connection.

(2) There is an open covering {Uytacs and trivializations {paq }aecx such that
all transition functions gop: Uy NUg — G are constant.

Proof. (2) = (1). Since gap is constant g} swo = 0. Hence the collection {A, €
O (Ua,g) | Aa =0, a € X} satisfies (6.7), and thus defines a connection w in
E by Corollary 6.9. For this F,, = 0 by Theorem 7.2 d) since clearly Fa_ = 0,
Vo € X.

(1) = (2). By Theorem 7.5 we can choose a covering {Uy }aex and trivializa-
tions {4 taex of M such that the given flat connection w restricted to E|y,, is
induced by the Maurer-Cartan connection, wyic in Uy X G, « € . Furthermore
we can arrange that all intersections are connected (e.g. by choosing a Rieman-
nian metric on M and choosing all U, to be geodesically convex sets). Now by
construction the local connection forms {A,},ex for w are all zero, hence by
Corollary 6.9 we have g7 swo = 0 on Uy N Ug where wy is the Maurer-Cartan
form on G. It follows that go3:Us N Ug — G has zero differential and since
U, NUg is connected gog is constant. O

Exercise 7.7. Let (E,m, M) be a principal G-bundle and let {U,}qacx be
an open covering of M with trivializations {p,}aex and transition functions
{9ap}tapes. Let p: E — E be a gauge transformation corresponding to the
family of differentiable maps o,: U, — G satisfying (6.14). Let w be a connec-
tion in E with local connection forms {A, }aes.

(1) Show that the curvature form F,e« for the connection w? = ¢*w is given
locally by

Fpoa = Ad(o," ") o Fyu,, foralla € ¥

where F,, is given locally by {Fa_ }acs-

(2) Let H C G be a Lie subgroup with Lie algebra h C g. Show that if there is
a reduction of F and w to H then F,, satisfies the following: For all z € E there
is a g € G such that Ad(g)(h) contains the set {F,,(X,Y) | X,Y € T, E}.

(3) The connection is called irreducible if for all x € E, g is generated as a Lie
algebra by the set {F,(X,Y) | X,Y € T, E}, i.e., is spanned by all iterated Lie
brackets of such elements. Show, that if G is connected, w is irreducible and if
p: E — F is a gauge transformation given by {0, }aecx as above then w? = w
if and only if 04 (p) € Z(G), for all p € Uy, o € X, where Z(G) is the center of
G.



Chapter 8

Linear Connections

Let us study in particular the case where G = GL(n,R). As usual the Lie algebra
is M (n,R), the set of n x n real matrices with Lie bracket

[A, Bl = AB — BA, A,B € M(n,R), (8.1)

and the adjoint representation
Ad(g)(A) = gAg™ 1, A e M(n,R), g € GL(n,R). (8.2)
Now consider an n-dimensional vector bundle V' on a manifold M and let

E = F(V) be the frame bundle. A connection in this is therefore a 1-form
w € QY(E, M (n)), ie. a matrix of ordinary 1-forms

w11 ... Win
w=| : s wij € QY(E).
Wnl - Wnpp
Matrix multiplication defines a linear map
sending A ® B — AB, and this induces a map
O*(E,M(n) ® M(n)) — Q2(E, M(n)).
The image of w A w by this is also denoted w A w; that is,
(WAW)(X,)Y) =w(X)w(Y) —wl)w(X) (8.3)

and the components are given by

(WAw)i; = Z Wik N Wi (8.4)
k

It follows from (8.1) and (8.3) that
w, w](X,Y) = 2w(X),w(Y)] = 2(w A w)(X,Y),

)
[w,w] =wAw.

N[

47
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Hence the structural equation (7.1) becomes
dw=-wAw+F,, (8.6)

where F,, is a matrix of 2-forms on E, i.e.,

Fii ... Fi,
F,=1]: - F; € Q*(E).
Foi ... Fun

Given a covering {U, }aex and local trivializations of V' we get corresponding
local trivializations for F, and hence for each « the local connection form A, €
QY (U,, M(n)) is just a matrix of one forms as in (1.4) and the corresponding
curvature form

Fa, = Aaq A Ag + dA,

is just the formula (1.7). We shall now interprete the connection and curvature
in terms of a differential operator on the bundle V.

First observe that there is a natural isomorphism of V with the vector
bundle Er» associated with E via ¢, the identity representation (cf. 3.10 and the
remark following Corollary 6.13). This gives another interpretation of Q¥ (M, V):

Lemma 8.1. Let & € QF(E,R") be a horizontal and t-equivariant k-form Then
@ defines for each p € M a k-linear map wp: TpyM X --- x T, M — V,,, which is
differentiable in the following sense: For Xi,..., Xy differentiable vector fields
on M w(Xy,...,Xk) gives a differentiable section of V.

Proof. Let m: E — M be the projection in the frame bundle for V" and for p € M
choose z € E with w(z) = p. For X1,..., X € T,M choose X1,..., X, € T,E
with 7. X, = X;, 7= 1,...k, and put

wp(X1,.. X)) =z0@,(X1,...,X1) (8.7)

where we recall that « € Iso(R",V,,). This is well-defined since & is horizon-

tal and and since for g € GL(n,R), Ry X1, .. .,Rg*)?k € Ty¢F also maps to
X1,..., X} such that

29(@2g(Rg, X1,..., Ry, X 1)) = 2g(R;@)(X1,..., X )

We leave it to the reader to check differentiability. [l

Remark. Conversely if wy,: Tp, M x --- x T, M — V,, satifies the conditions of the
lemma then @ defined by (8.7) defines a horizontal and (-equivariant k-form on
E. Hence QF(M, V) is the set of such w’s.

Now suppose w € Q' (E, M(n)) is a connection. We shall construct a dif-
ferential operator called the covariant derivative

V:T(M,V) — QY(M, V). (8.8)
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For this consider s € T'(M,V) and let §: E — R™ be the corresponding ¢~
equivariant map. Then we define V(5) € Q' (E,R") by the formula

V(3) = d§ + w3, (8.9)

where the multiplikation is the usual matrix multiplikation of the matrix w and
the column vector §.

Proposition 8.2. For s € T'(M,V) corresponding to the i-equivariant map
5:E — R", the 1-form V(3) € QY(E,R") is also t-equivariant and horizontal,
hence defines a form V(s) € QY (M, V).

Proof. Let us first show t-equivariance:
RIV(3) = R}d5 + R} (w)(5 0 Ry)
=d(3oR,) + (Ad(g ") ow)(30R,)
=d(g7'8) + (g7 wg)g '3
=g Y5 +g7!
=g 'V (3).

ws

Next let us show that V(3) is horizontal. For this we first show that for z € E
we have

(d3)(vs A) = —A5, A€ M(n). (8.10)

In fact (d§) o v, is the differential of the map G — F sending g to §(zg) =
g~ 15(z), hence (8.10) follows from the fact that the differential of g — g~! is
given by multiplication by —1. It follows that for A € M(n) we have

V(3)(vzA) = (d§)(vz A) + wy(vz A)3(2)
= —As(x) + As(x)
=0,
which proves the proposition. [l

Notation. By Lemma 8.1, V(s) gives us for each p € M a linear map V(s),:
TpM — V,. For X € T, M we shall write

Vx(s)=V(s)(X) eV, (8.11)
and this is called the covariant derivative of s in the direction X.

Proposition 8.3. The covariant derivative satifies

(1) Vx4v(s) =Vx(s) + Vy(s)

(2) Vx(s+s)=Vx(s)+Vx(s)

(3) Vax(s) =Vx(As) =AVx(s)

(4) Vx(fs)=X(f)s+ f(p)Vx(s)

for al XY € T,M, s T(M,V), \é R and f € C>*(M).
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Exercise 8.4. Prove Proposition 8.3.

Next let us express the curvature form of the connection w on the frame
bundle F in terms of the covariant derivative V. First let us introduce the
notation

for the vector bundle associated with the adjoint representation (8.2) of GL(n, R)
on M(n). This is justified by the following lemma.

Lemma 8.5. There is a 1—1 correspondence between horizontal Ad-equivariant
k-forms © € QF(E, M (n)) and families of k-linear maps

Op: TpyM x -+ x T,M — End(V),

which vary differentiably in the sense that k wvector fields X1,...,X; and a
section s € T'(M, V) give rise to another differentiable section ©(X1, ..., Xk)(s)
given by

O(X1,..., Xx)(s)(p) = ©,(X1(p), ..., Xi(p))(s(p)) (8.13)

Proof. This is analogous to the proof of Lemma 8.1 and the proof is left to
the reader. We only note that for x € 7=1(p) and X4,..., X, € T,E with
. X; = X, i=1,...,k, © and O is related by

ep(Xl,...,Xk):zo(:)z()?l,...,xk)oxfl, (8.14)
where z € E, = Iso(R", V). O

Proposition 8.6. Let F,, € Q2(E, M(n)) be the curvature form for the con-
nection w and let F,, € Q*(M,End(V)) be the corresponding 2-form as in
Lemma 8.5. Let V denote the covariant derivation associated to w. Then for
X, Y differentiable vector fields on M and s a section of V' we have

Fu(X,Y)(s) = (VxVy = VyVx — Vix y))(s). (8.15)

Proof. Since it is enough to prove (8 15) locally we can assume V and hence F
to be trivial; hence we can choose X and Y on E = M x GL(n R) such that
X respectlvely Y are m-related to X respectively Y (that is 7T*X = X7 () and
Y, = *(z), V¥ € E). Also, as in the proof of Theorem 7.2 we can assume
X and Y to be horizontal. Furthermore for s € I'(M,V) let 5: E — R™ be
the corresponding t-equivariant function. Then by (8.14) and (7.16) we have for
m(x) = p:

Fy(X,p, V) (s(p) =20 Fu(X,,Y,) 0ox™ ' (s(p))

= —zow,([X,Y],)(5(x)).

(8.16)

On the other hand by (8.7) Vi, (s) = z 0 V(5)(X ), and hence

Vy,(Vx,) =20 V(V(5)(X))(Ya).
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Therefore (8.15) is equivalent to

(8.17)

where we have used that [X,Y] is 7-related to [X,Y]. But since X and Y are
horizontal we have

V(VEX))Y) = dd(3)(X)(Y) = Y (X(5)),

and similarly for X and Y interchanged. Hence the right hand side of (8.17)
becomes

X(Y(5) - Y(X(3) - [X,Y](3) - w(X,Y])(5) = —w([X,Y])(5),
which was to be proved. ([l

Next let us express V in terms of local trivializations. Suppose {U, }aeys is
a covering of M with local trivializations f.: V |y, — U, x R™, and associated
transition functions g 3: Uo NUg — GL(n,R). Then there is a 1 — 1 correspon-
dence between sections s of V' and families {s,}oex of differentiable functions
Sa:Uqy — R™, satisfying for o, § € X:

Sﬁ(p) = gﬁa(p)sa(p)a peUsN UB- (818)

In fact s and {s,} are related by

foz © S(p) = (pa Soz(p))a p € Us. (819)

Now {gap}a,pes are also transition functions for the frame bundle £ = F(V)
corresponding to the local trivializations {p, = [, }aecx corresponding to { fo }aes,
as in (2.1). In the notation of Proposition 6.11 we have the following proposition.

Proposition 8.7. Let s € T'(M,V) correspond to the family {sq tacx as above,
then V(s) € QY(M, V) corresponds to the family of 1-forms {V(sa)}acs given
by

V(sq) = dsq + AaSa (8.20)

where { A tacx are the local connection forms for w defining V.

Proof. Notice that for o € ¥ the trivializations ¢qo: Ely, — Us X GL(n,R)
corresponding to f, has the inverse defined by ¢ '(p,9) = (fa),' o g. and
hence the section o,: U, — E|y, used in Proposition 6.11 is given by

0a(p) = ¢ (p,id) = (fa), ' € Iso(R",V,) = E,.

For s € I'(M, V) the coresponding t-equivariant function §: E — R™ is related
to {Sa}aEZ by

S = 800¢
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and hence the local 1-form V(s,) corresponding to the horizontal t-equivariant
1-form is given by
V(sa) = (0a)*(V(3))
= o} (ds + ws)
= d(§ o Ua) + (Uzw)(g o Ua)
= d(sa) + AOtSOu
where A, = o) ;w by the proof of Corollary 6.9. O

Exercise 8.8. Let G be an arbitrary Lie group and p: G — GL(n,R) a repre-
sentation. Let (E,m, M) be a principal G-bundle. and let V' be the associated
vector bundle. Let w be a connection in F.

(1) Show that the frame bundle of V' is the extension of E to GL(n,R) via p,
and conclude that w has a unique extension w, to F(V'), cf. Exercise 6.18.

(2) Now choose a covering {Uy}aex of M and local trivializations of E and
hence also V and F(V). Show that the covariant derivative V corresponding to
w, is given in terms of the local trivializations by

V(sa) = dsa + p«(An)sa (8.21)

where w corresponds to {A, € QY (U,,9)}, ps: g — M(n) is the differential of
p, and {84 }aex defines a section in V.

Again return to the case of a vector bundle V on M, E = F(V) the frame
bundle and let V be the covariant derivative.

Definition 8.9. A section s € I'(M,V) is called parallel if Vx(s) = 0 for all
tangent vectors X € T, M and for all p € M.

In the notation of Proposition 8.7 we have the following corollary.

Corollary 8.10. Let s € T'(M,V) correspond to {so: Uy — R"}qex. Then s
is parallel if and only if

dsq = —AgSa, a e . (8.22)

That is, locally a parallel section satisfies a differential system as in (1.4).

Proposition 8.11. The following are equivalent:

(1) Every point of M has a neighborhood U and parallel sections o1,...,0, €
L(U,V) such that {o1(p),...,0n(p)} is a basis for V,, for allp € U.

(2) The connection is flat, ie., F,, =0
Proof. As in the proof of Corollary 2.15 a set of sections o1,...,0, € T'(U,V)
defining a local frame for V| gives a trivialization of V|y, f:V|y — U x R™,

such that

fOUi:(p,ei), i=1,...,n,
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where {ey,...,e,} is the canonical basis for R™. Hence by (8.20) V(0;) is given
in terms of this trivialization by V(o;) = Ae;, where A is the local connection
form for w. It follows that o1, ..., 0, are parallel if and only if A = 0, that is,
w|p|, is induced by the Maurer-Cartan connection via the trivalization (2.1)

of E|y corresponding to f. The proposition now follows from Theorem 7.2 (1).
O

Exercise 8.12. We consider the GL(k, R)-bundle (W,, k, Yn.k, Gx(R™)), for k <
n, and we consider W (n, k) C M(n, k) = R"* as the open set of n x k matrices
X of rank k (cf. exercise 4.8).

(1) Show that the 1-form
w=(X'X)"'X"dX € Q" (W, 5, M(K)), (8.23)

gives a connection in the above bundle.

(2) Show that the curvature form is given by

F,=(X'X)"YdX* ndX — (X'X)"HdXP A X(XTX) 71X dX. (8.24)

(3) Show that the restriction of w to the Stiefel manifold V;, , C W), i, is given
by

w=X"dX (8.25)

and that this defines a reduction to the O(k)-bundle (Vj, i, Yn,k, Gr(R™)) with

curvature form
F,=dX'AdX —dX' A XXtdX

(8.26)
=dX'NdX + X'dX A X"dX.

(4) For k = 1 the connection w in the R*-bundle (R™\ {0},n, RP"~1) is given

by

ZL't

P

dz, z € R™\ {0}.

w

Show that this connection is flat, ie. F, = 0, and conclude that the real Hopf-
bundle locally has a non-vanishing parallel section. Notice that this does not
exist globally by Corollary 2.24.



Chapter 9

The Chern-Weil
Homomorphism

We can now associate to a principal G-bundle (E, 7, M) with a connection
w some closed differential forms on M, and as we shall see, the corresponding
classes in de Rham cohomology do not depend on w but only on the isomorphism
class of the G-bundle.

First some linear algebra: Let V' be a finite dimensional real vector space.
For k > 1 let S¥(V*) denote the vector space of symmetric k-linear functions

PV XxVx...xV—R.
We shall identify P with with the corresponding linear map
PVV®...V —R

which is invariant under the action of the symmetric group acting on V @ V ®
...®V. That is

P, ®...Qus,) =P1 ®... 0 vg)
for every permutation ¢ of 1,..., k. We also have a product

defined by
POQ(vy,...,veq1)
:ﬁgp(vaw---avok)Q(vaM,...,v%H) (9.1)
where o runs over all permutations of 1, ...,k +1[. We also put S°(V*) = R and

then

S*(V*) = ésk(v*)
k=0

o4
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becomes a commutative ring with unit 1 € R = S%(V*). The associativity can be
shown directly from (9.1), but it also follows from the proposition below. Choose
a basis {e1,...,e,} for V and let Rlzq,...,z,] denote the polynomium ring in
the variables x1,...,7,. Let R[zy,...,2,]* denote the subset of homogeneous
polynomials of degree k, and define a mapping

Sk(V*) — R[zlv s 7xn]k
by

P(xy,...,2,) = P(v,...,v), v:Zaciei (9.2)
i=1

for P € S¥(V*). We then have

Proposition 9.1. (1) The mapping P — P is an isomorphism of vector
spaces

SE(V*) = Rz, ...,z (9.3)

(2) (POQ)~= PQ, hence (9.8) gives an isomorphism of rings
S*(V*) i R['Tla s 7$n]

Proof. (2) Clearly follows from (9.1) and (1).
(1) We first show injectivity. For this notice that the coefficient to %' - - -z’ is
a positive multiple of

Plet, .. €1,€2, .12,y CnyeensCn) = iy i

where e; is repeated ¢; times, j = 1,...,n. Hence if P =0 then @iy .., = 0 for
all {i1,...,4i,} satisfying i1 + - - - + i, = k. By the symmetry of P we conclude
that

P(ej,,...,ej) =0, for all j1,...,j5k € {1,...,n}.
Hence by the multi-linearity of P,
P(vy,...,v5) =0, for all vy,...,v, €V,

that is, P = 0. It follows that S*(V*) is isomorphic to a subring of R[z1, ..., z,].
But since

S1(V*) = Hom(V,R) == Rlz1,...,z,]*

is clearly an isomorphism, the subring has to contain z1,...,x, and hence is
the full polynomial ring. O

Remark. We have thus shown that P € S*(V*) is determined by the function
Py — P(v,...,v). This is called a polynomial function for V. A choice of
basis {e;, ..., e, } for V gives an identification of the ring of polynomial functions
with the usual polynomial ring in n variables. The inverse operation which to
a polynomial function P associates a symmetric multi-linear map P is often
called polarization.
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We now let V' = g be the Lie algebra of a Lie group G. Then the adjoint
representation of G on the Lie algebra g induces an action of G on S*¥(g*) for
every k:

(Pg)(Xla cee an) = P(Ad(g_l)Xla v 7Ad(g_1)Xk)a
where X1,..., Xy €gand g € G.

Definition 9.2. (1) P € S*(g*) is called invariant if gP = P, ¥g € G.
(2) The set of invariant elements in S*(g*) is denoted I*(G) and P € I*(G) is
called an invariant polynomial (although it is a k-linear function).

Remark. I*(G) = @r— I"(G) is a subring of S*(g*).

We now return to the situation of a principal G-bundle (E,w, M) with
connection w. Let F,, € Q?(E,g) be the associated curvature form. For k > 1
we have

FF=FE,N.. NF,cQ*Ego...0g) (9.4)
and since P € I*(G) defines a linear map
Pg®..0g—R

we obtain a 2k-form P(FF) € Q2*(E). Since F,, is Ad-equivariant and horizontal
(by Theorem 7.2) and since P is invariant, it follows that P(Fu’f) is invariant
and horizontal i.e. a basic 2k-form. Hence by Corollary 6.13 there is a unique
2k-form on M which pulls back to P(EF) by 7*: Q?**(M) — Q% (E).

Notation. The form on M corresponding to P(F¥) € Q?*(E) is also denoted by
P(FF), and is called the characteristic form corresponding to P.

Remark. In the notation of Theorem 7.2 the characteristic form is given in U, by
P(F% ) € Q**(U,) where A = {A, }aes are the local connection forms. In these

terms we shall write P(F%) € Q2*(M) for the globally defined characteristic
form.

Proposition 9.3. (1) P(EF) € Q2¢(M) is a closed form, that is, d(P(EF)) =
0.

(2) For P € I*(@) and Q € I'(G) we have
PO QFS™) = P(FY) A QEL).

(3) Consider a bundle map (f, f):

El—f)E

MIL)M

Then for w a connection in E and w' = f*w the induced connection in E'
we have

P(F%) = f*(P(FF)).
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Proof. (1) Since 7*:QF(M) — QF(E) is injective it suffices to prove that
d(P(FF)) = 0 in QF(E). By Bianchi’s identity we get

d(P(F¥)) = kP(dF, A F*=') = kP([F,,w] A F*~1) (9.5)

using the symmetry of P. But since the form in (9.5) is horizontal it is enough
to show that it vanishes on sets of horizontal vectors. But this is obvious since
[Fi,,w] vanishes on sets of horizontal vectors.

(2) For o a permutation of 1,...,k+1let T, denote the endomorphism of g®*+!
given by

To(X1®...0 Xprt) = Xo(1) @ - . ® Xo gty X1,..., Xk €9.
Then by (5.2)

FMU =T, o FM =T, o (F* AN FY)
since F,, has degree two. Hence by (9.1)

1
(k+1)!
1

= G D PED AQUL)

(POQ)ES™) =

Y (P@Q)oT, o (F

= P(F}) A Q(F).

(3) Since F,, = f*(F,) we clearly have in Q*(E'):
P(FF) = f*P(F}).

Hence the statement follows from the injectivity of 7/*: Q2*(M') — Q2k(E").
O

Remark. In particular if o: B/ — E is a bundle isomorphism and w is a con-
nection in F then for w¥ = ¢*(w) we have

P(F}.) = P(F})
It follows that gauge equivalent connections have the same characteristic forms.

Definition 9.4. Let (E, 7, M) be a principal G-bundle with connection w. For
P € I*(Q) let

w(B; P) = [P(FS)] € H*M(Q7(M)) = Hip (M)
denote the cohomology class of P(EF).

Notation. The mapping w(E; —): [¥(G) — H?**(M) is called the Chern- Weil
homomorphism. It is often just denoted by w(—) if the bundle E is clear from
the context. For P € I*(GQ), w(E;P) € H32E(M) is called the characteristic
class for E corresponding to P.
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Theorem 9.5. (1) The cohomology class w(E, P) € H2k (M) does not depend
on the connection w, and depends only on the isomorphism class of E.

(2) w(E;—):(I*(G),0) — (Hir(M),N) is a ring homomorphism.
(3) For a bundle map

we have w(E', P) = f*w(E, P).

For the proof we need the following version of the Poincaré Lemma which
we will state without proof.

Let h: Q¥(M x R) — QF~1(M) be the operator defined as follows: For
w e QF(M x R), k> 1 write w = ds A a + 3, where s is the variable in R, and
put

1
h(w) :/ a, and h(w)=0, for weQ’(M xR).
s=0
Lemma 9.6. Let ig,i1: M — M x R be the inclusions io(p) = (p,0), i1(p) =
(p,1), pe M. Then
dh(w) + h(dw) = ijw —ijw, for we Q*(M xR).

Proof of Theorem 9.5. We only have to show that [P(F*)] is independent of
the choice of connection. Then the remaining statements follow from Proposi-
tion 9.3.

Let wo and w; be the two connections in F and consider the principal
bundle (E x R, 7 x id, M x R). This has connection @ € Q'(E x R, g) defined
by

@ (25 = (1 = 8)wog + sw1a, (x,5) € E xR.
This is a connection by Proposition 6.5, and clearly i*(&) = w,, v = 0, 1. Hence
it(Fy) = F,,, v=0,1
and we obtain from Lemma 9.6:
dh(P(F)) = iy P(F) — ig P(Fy) 9.6)
= P(F,) = P(FS,),

since d(P(F¥)) = 0 by Proposition 9.3. Hence by (9.6) P(F,,) and P(F,,)
represent the same cohomology class in the de Rham complex. |

Motivated by Theorem 9.5 let us introduce the following:
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Definition 9.7. A characteristic class ¢ (with R coeflicients) for a principal
G-bundle associates to every principal G—bundle_(E ,m, M) a cohomology class
c(E) € Hji(M) such that for any bundle map (f, f): (E',n’, M') — (E,m, M)
we have

o(E") = f*(e(E)).
If ¢(F) € Hiz (M) then c is said to have degree [.

Remark. The set of characteristic classes (with R coefficients) is a ring denoted
H, (or H(R)).

Corollary 9.8. Let P € I*(G). Then E +— w(E;P) defines a characteristic
class w(—, P) = w(P).

One can prove the following theorem:

Theorem 9.9 (H. Cartan). Let G be a compact Lie group. Then w: I*(G) —
H¢, is an isomorphism.

Remark. (1) Theorem 9.9 also determines the ring of characteristic classes in
the case GG is an arbitrary Lie group with finitely many connected components.
In that case there is a maximal compact subgroup K C G and one shows that
the inclusion gives an isomorphism H} = H,.

(2) We can also define the ring of complex valued G-invariant polynomials on
the Lie algebra g, using multi-linear functions (over R) P:g x ---x g — C. The
ring of these is denoted I¢(G). The constructions in this chapter go through
and we can thus define a Chern-Weil homomorphism for (E,w, M) a G-bundle
with connection

we(E, —): IE(G) — H(Q"(M,C)) = Hijr(M,C).

Finally let us consider the behaviour of the Chern-Weil homomorphism in
connection with extensions and reductions. For simplicity we restrict to the case
where H C (G is the inclusion of a Lie subgroup and §h C g the corresponding
inclusion of Lie algebras. Let (E,w, M) be a principal G-bundle, and suppose
F C FE is a submanifold, so that (F,n|g, M) is a principal H-bundle. Then F
is a reduction of F to H (cf. Chapter 4). The following lemma is a special case
of Exercise 6.18.

Lemma 9.10. If wr € QY(F,b) is a connection in F then there is a unique
connection wp € QY(E, g), such that wgp = wp.

Proof. Let {U,}aex be a covering of M with trivializations of F|y, — U, x H
with transition functions {hag}, hag: Us NUs — H. Then {hqyg} is also a set
of transition functions for F. The form wp is determined by {A,}aes, Ao €
Q' (Ua, 9) such that Ag = Ad(h_5) 0 Ag + h}zwi!. Since hag maps to H € G
and wng = wi! we have hj;ﬁwéi = hj;ﬁwoc. Hence {A, € Q'(U,,g)} determines
a unique connection on F by Corollary 6.9

The proof of the following proposition is straight-forward and is left as an
exercise.
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Proposition 9.11. Let (E, 7, M) be a G-bundle with a reduction (F,w|p, M)
and suppose w € QY(E, g) is induced from a connection wr € QY (F,H) as above.
Then for P € I*(G) we have

P(EE)Y=P(FF ) in Q*(M).

In particular we have the following commutative diagram

—)I*

w(E, —)\ ﬁ(F
HdR

where res denotes the restriction map of polynomials on the Lie algebra g to the
Lie algebra b.



Chapter 10

Examples of Invariant
Polynomials and
Characteristic Classes

We now give some examples of invariant polynomials for some classical groups.
In all cases we shall exhibit the polynomial function v — P(v,...,v), v € g for
each P € I*(Q).

Example 10.1. G = GL(n,R). The Lie algebra is g = M (n,R), the set of nxn
real matrices with Lie bracket

[A,B] = AB — BA, A,B € M(n,R),
and the adjoint representation
Ad(g)(4) =gAg™!, A€ M(n,R), g€ GL(n,R).

For k a positive integer we let Py denote the homogeneous polynomial of
degree k which is the coefficient of A»~* for the polynomial in A given by

1 n
det ()\I — —A> = ZPk/Q(A, .. ,A))\"_k, Aec M(n,R).
21 P

The polynomial Py /,, called the k/2-th Pontrjagin polynomial, is clearly Ad-
invariant. For (E,m, M) a principal GL(n, R)-bundle
pry2(E) = w(E, Pyy2) € Hig (M)

is called the Pontrjagin class for E. For V' an n-dimensional real vector bundle
on M we write

Pk/z(V) = Pk/z(F(V))

where F(V) is the frame bundle.
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Example 10.2. G = O(n) C GL(n,R) the orthogonal group af matrices g sat-
isfying g'g = I. The Lie algebra is 0(n) C M (n,R) of skew-symmetric matrices,
ie.

o(n)={Aec M(n,R) | A+ A" = 0}. (10.1)
hence, by transposing
det ()\I + 1A> = det</\I - IA), A€ o(n).
27 2

and it follows that the restriction of Py, to o(n) vanishes for k odd. We shall
therefore only consider P, € I?(O(n)) for I = 0,...,[n/2]. Notice that since
every vector bundle can be given a Riemannian metric it follows that the frame
bundle has a reduction to O(n). Therefore also for any GL(n,R)-bundle E we
have py /2 (E) = 0 for k odd, although the representing characteristic form is not
necessarily equal to zero.

Example 10.3. G = SO(2m) C O(2m), the subgroup of orthogonal matrices
satisfying det(g) = 1. The Lie algebra is s0(2m) = 0(2m) given by (10.1). Hence
the Pontrjagin polynomials P; € I?(SO(2m)), Il =0,1,...,m are also invariant
polynomials in this case. But there is another homogeneous polynomial Pf called
the “Pfaffian polynomial” of degree m given by

Pf(A, ..., A)

1
= o92m_m, | Z(Sgn U)a0102aa304 © Qg (2m—1)o(2m)>
25" m| =

(10.2)

where ¢ runs through the set of permutations of 1,...2m, and where A = (a;;)
satifies Qi5 = —Qjj-

Let us show that Pf is Ad-invariant: Let g = (g;;) € O(2m) and put
gAg~" = gAg' = A’ = (a};)
that is

/
aij = E Giky Ok ks Gjks -
k1ko

Then for Pf’ = 227 m! Pf we have

Pt (A,..., A)

- E Ak """ ko1 kom § Sgn(g)galk1 U gU(Qm)ka'
k1, kam o

In this sum the coefficient to @k, - - Qksyy 1Koy, 1S just the determinant of
(gik;). This determinant is clearly zero unless (ki,...,ks;) is a permutation
of (1,...,2m). Hence

Pf’ (A/a BRI Al) = Z det(giaj)aalaZ © Qg (2m—1)o(2m)

= det(gij) Z sgn(0)ag1o2 - - A5 (2m—1)o(2m)

— det(g) P (4,..., A).
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That is
Pf(A',...,A’) = det(g) Pf(A,... A) (10.3)

for all A € 0(2m), g € O(2m). In particular Pf is an invariant polynomial for
SO(2m), but it is not an invariant polynomial for O(2m) since

Pf(A',... A") = —Pf(A,... A)
if det(g) = —1.
For an SO(2m)-bundle (E, 7, M) the characteristic class
e(E) = w(E,Pf) € HiR (M) (10.4)

is called the Euler class for E. If E is the reduction to SO(2m) of the frame
bundle of an oriented vector bundle V on M then (V) = e(F) is called the Euler
class of V. One can show that for a compact oriented Riemannian manifold of
dimension 2m the Euler-Poincaré characteristic x (M) satisfies

(M) = (e(T M), [M]) = /N PH), (10.5)

where T'M is the tangent bundle of M and w is the connection for the reduction
to SO(2m) of the orthogonal frame bundle of T M determined by the orientation.
(Usually the connection is chosen to be the Levi-Civita connection). The formula
(10.5) is the higher-dimensional Gauss-Bonnet Theorem.

Example 10.4. G = GL(n,C). The Lie algebra is M (n,C), the set of n x n
complex matrices. As in the remark at the end of chapter 9 we shall consider the
polynomials with complex values Cx, k = 0,1,...,n, given as the coefficients to
A"~* in the polynomial in :

det ()\I — —A) Z Cr(A AN, Ae M(n,C), (10.6)

with ¢ = v/—1. For (E,m, M) a principal GL(n, C)-bundle we thus obtain char-
acteristic classes in de Rham cohomology

cx(E) = w(E,Cy) € H2E(M,C) (10.7)

where the differential forms have complex values. The polynomials C}, are called
the Chern polynomials and the classes in (10.7) are called the Chern classes of
E. Again for V a complex vector bundle over M we have an associated frame
bundle of complex frames F(V') which is a principal GL(n,C)-bundle and we
define

ex(V) = en(F(V))

the Chern classes of a complex vector bundle V. Notice that the restriction of
Ck to M(n,R) satisfies

FOR(A, ..., A) = Py a(A, ..., A), A€ M(n,R).

Hence if we extend a principal GL(n,R)-bundle E to a principal GL(n,C)-
bundle Eg then for k = 2 we have in Hik (M, C):

(—1)'car(Ec) = pi(E). (10.8)
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Example 10.5. G = U(n) C GL(n, C) the subgroup of unitary matrices, ie. the
complex matrices ¢ satisfying gg? = I where g denotes the complex conjugate
of g. The Lie algebra is u(n) C M(n,C) of skew-Hermitian matrices, ie.

un) ={A € Mn,C)|A+ A" =0}

In particular we have for A € u(n)

1 1 - _ 1
211 211 211

That is, Cx(A,...,A) € R for A € u(n), hence Cj, is a real-valued polyno-
mial on u(n). For (E, 7, M) a U(n)-bundle the Chern classes are therefore real
cohomology classes.

Since every complex vector bundle can be given a Hermitian metric it fol-
lows that any principal GL(n, C)-bundle has a reduction to U(n) and hence all
Chern classes for a GL(n,C)-bundle are real cohomology classes.

Finally let us calculate the first Chern class in a non-trivial case.

Example 10.6. Consider the complex Hopf-bundle over CP™: This is the
GL(1,C) = C*-bundle (Hc,v,CP™) with total space Hc = C"™!\ {0} and
where ~ is the natural projection map

V(205 .y 2n) = [20, ..., Znl, (20,...,2n) € C"T1\ {0}.

Notice that the Lie algebra of C* is just the abelian Lie algebra C so that a
connection in Hg is a complex valued 1-form on C™*1\ {0}. We claim that

ztdz

w = ——5
||

is a connection. That is, we must check (1) and (2) in the definition of a con-
nection.
(1) For fixed z € C" ™1\ {0} the map v,: C* — C"*1\ {0} given by v,(\) = 2\
satisfies

zdz(z)\)

wyov,(\) = E =

|z
so that for A =1 (viw); = d\ as required.
(2) For fixed A € C* we have

ZldzAN

Rw=—5 =w
A |Z)\|2

as required since C* is abelian.

Hence w is a connection. Again since C* is abelian the curvature is given

by

1 1
Fw:dw:Wdzt/\dz+d( )/\ztdz
V4

ER
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which is also a basic form, i.e. the pullback of a form on CP". Now the inclusion
S§2ntl c Cn*t1\ {0} induces a diffeomorphism S+ /U(1) = CP™ and since
|| = 1 on §?"*1 we conclude that as a form on S?"*!/U(1) the curvature is
given by

F, =dzt Adz.
Notice also that
F,=dz*ndz =—F,

so F,, takes on purely imaginary values. Finally F,, is invariant under the action
of U(n + 1) on CP" since

g F, = (dz")g" A gdz = dz' A dz, geUm+1).

In the notation of Example Al5 F,, = iIm F,, now corresponds to the U(n)
invariant real alternating 2-form 2ix defined on C" = span{ey,...,e,} since

dzt Ndz(ey,iey) =i — (—i) = 2i.
Now the first Chern polynomial on gl(1,C) = C is given by

1

It follows that

c1(He) 21

1
[—,dzt A dz} € H3z(CP™)

1
—Zk € Al (C)V
™

so in particular ¢ (Hc) # 0. The constant in C;(A) is chosen such that for n =1

/ (L) = —1. (10.9)
cp!

In order to see this we first observe that in the principal U(1)-bundle v: S? —
CP*! we have

/ w= / A 2mi vz e S
77l A=t A

so that by Fubini’s Theorem

/ w/\Fw:27m'/ F,.
53 cp*

On the other hand w A F, is a U(3)-invariant 3-form on S® whose value at the
tangent frame {ieg, e1,ie1} C T.,S° is

(wA F,)(ieg,e1,ie1) = (dzg A dZzi A dzy)(ieg, e, ier) = —2.
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Hence w A F,, is —2 times the volume form on S® so that

2mi F,, = —2vol(S?) = —4xn?
cpP?t

/ F, = 2mi
CP

which proves (10.9).

ie.



Appendix A

Cohomology of Homogeneous
Spaces

In this section we show how to calculate de Rham cohomology of compact
homogeneous spaces. For notation see [D].

In the following G is a Lie group and H C G is a closed Lie subgroup, with
Lie algebras g and h C g respectively. We shall study the homogeneous manifold
M = G/H with projection m: G — M.

Proposition Al. (1) The following sequence of vector spaces

T

0 )] > g >y Teng(G/H) ——> 0

1s exact.

(2) Given h € H we have the following commutative diagram.

Tx

0 ) g >y Ten(G/H) —— 0
Ad(h)l ‘Ad(h) th*
0 > b y8 ——— Ty (G/H) ——— 0

Proof. (1) The differentiable structure on G/H is defined as follows: For g =
m® h and U,, C m a suitable neighborhood of 0, the composite mapping

exp ™

Un y G »G/H

is a diffeomorphism onto an open neighborhood of eH (see e.g. [D, Theo-
rem 9.43|. Consequently m.:m — Ty (G/H) is an isomorphism, this shows
the claim.

(2) It is clear that Ad(h) on b is the restriction of Ad(h) on g. The commuta-
tivity of the square to the right follows from the following commutative diagram
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G —— G/H
where o, (x) = hah™! and Lj(zH) = haH. O
Remark. We see from the above proposition that 7, induces an isomorphism
g/ —— Ton(G/H)

and that the isotropy representation of H on T.y(G/H), that is, h — Ly, is
identified with the adjoint representation on g/h.

Notation. For V a finite dimensional vector space let Alt*(V), k € N, denote
the vector space of alternating k-linear forms on V. For H C G as above with
Lie algebras h C g let

Alt*(g/p)" C Alt*(g)

be the subspace consisting of a € Alt*(g) satisfying
(1) a(v1,...,vx) =0 if at least one v; € b
(2) «a(Ad(h)vy,...,Ad(h)vg) = a(vy,...,v) for all h € H.

Finally for a manifold M let Q*(M), k € N denote the vector space of
differential forms of degree k on M. If M = G/H as above then

QF (M) C (M),
denotes the subspace of G-invariant forms, that is, forms w satisfying
Liw=w for all g € G,
where Lg: M — M is given by Ly(zH) = gz H, for all z € G.
Proposition A2. Let H C G and M = G/H as above.

(1) There is a natural isomorphism of vector spaces
QP (M)E == Alt*(g/p)".

(2) Furthermore v is a chain map, where the differential on the right hand side
is defined by

(da)(vl, e ,’U]H_l) = Z(—l)i+j04([?}i,vj],?}1, Ce ,ﬁi, .. .,f)j, e ,’U]H_l),
i<j

ac Alth(g/n),  wv,..., v € g

Proof. (1) As before we let m: G — G/H be the canonical projection map and
let w € QF(M)% be a G-invariant form. We define ¢(w) by

H(w) = (7*w). € AltF(g)
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and we clearly have that «(w) € Alt*(g/h)f. Furthermore it is clear that ¢ is
injective because w € QF(M)Y satisfies

ng(vla cee Uk) = weH((Lgfl)*’Ula ceey (Lg—l)*’l)k),

forall g € G and v1,...,vx € Ty M. For the surjectivity of ¢ let o € Alt¥(g/f)H
be given and we deﬁne weH € Altk (Tyu M) by

worr (V1,5 vE) = a((Ly-1)sv1, oy (Dy=1)svk),

geG wi,...,v € TguM.
Since a € Alt*(g/h)* it easily follows that w,y is independent of the choice
of g € G and of the choice of representatives for (L -1).v; in g. To see that
w is differentiable, we notice that because w by definition is G-invariant, it is
enough to show that w is differentiable in a neighborhood of eH. But in this
neighborhood we can find a local cross section, that is, a submanifold U C G
with e € U such that m: U — = (U) is a diffeomorphism. Thus it is enough to
see that 7*(w) is differentiable. For this we choose a basis {X1,...,X,} for g

and let {Xq,... ,)Nf n} be the corresponding left invariant vector fields on G.
Because these are smooth, the 1-forms {71,...,v,} on G defined by

Vi()?j) = 045

are also smooth. But 7*(w) is G-invariant so it can be written as a linear com-
bination of the forms

with constant coeflicients. It follows that 7*(w) is smooth.

(2) Because dr* = m*d and 7*: Q*(M)¢ — Q*(G)¢ is injective it is enough

to show the formula on G. As before let {Xl, ..., X} be a basis for the left
invariant vector fields on G, so that {X 1g,-- -3 X ng} is a basis for T,G for every
g € G. It suffices to show the formula

(dw)(X 1, X))
_Z zJrj(,u Xl,Xl] a)?lia'-'a)?lja-'-)?lk+1)
1<J

for all tuples (1, ...,lx4+1) satisfying 1 < 1;; <...<1;_, < n. This follows from

the formula for dw because the remaining terms in the formula are directional
derivatives of functions on the form

w(Xll,...,le,...,Xlk+1)
which are clearly constant when w and X ; are G-invariant. |

Remark. Tt follows that the formula in (2) defines a form in Alt**!(g/h)

Exercise A3. Show the claim in the remark above directly. (Hint: First show
that for a € Alt*(g/h) and X € h we have

k
Za(vl,...,vi,l, [X,v],vit1,...,0%) =0, forallvy,...,v; €g.
i=1
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Corollary A4. If H is compact and connected then M = G/H has a G-
invariant volume form, that is, a nonzero element vyy € Q™(M)E, n = dim(M),
and vys s unique up to a scalar multiple.

Proof. Since Alt"(g/h) is 1-dimensional we have dim(Alt"(g/h)) < 1 with
equality if and only if det(Ad(h)) = 1 for all h € H, where Ad(h):g/h — g/b is
induced by the diagram in Proposition Al (2). But A(h) = det(Ad(h)) defines a
continuous homomorphism A\: H — R\ {0}, and since H is compact A(h) = %1,
for all h € H. Hence A is locally constant and since H is connected A =1. O

Example A5. If we identify SO(n — 1) with the subgroup of matrices in SO(n)
of the form

[(1) 2} heSO(n — 1),

there is a natural diffeomorphism
7:80(n)/SO(n — 1) — §"~' C R"

given by 7(gSO(n — 1)) = ge1, g € SO(n), where e; = (1,0...,0) (cf. [DG,
Exercise 9.45]). Notice that 7 commutes with the SO(n) action, and the SO(n)
action on R”™ is given by matrix multiplication. It follows from Corollary A4
that S™~! has a SO(n)-invariant volume form vgn—1 € Q"(S"71).

Exercise A6. Given the coordinates (z1,...,x,) on R™ show that

Vgn-1 :cZ(—l)ixidxl/\.../\cim; A...Ndxy,, ce R\ {0}

=1

Proposition A7. Let G be a compact Lie group and p: G — GL(V) a repre-
sentation on a finite dimensional vector space (that is, p is a Lie group homo-
morphism). Then there exists an inner product on V' such that p(g) is orthogonal
for all g € G, that is,

(p(g)v, p(g)w) = (v, w) for allv,weV,geq.

Proof. Pick an arbitrary inner product (-,-) on V and choose an orientation on
G. Tt follows from Corollary A4 with H = {e} that there is a unique volume
form vg on G that satisfies

/’UG:1.
G

In fact, for v, € Q"(G)Y a volume form we have (as G is compact) that Vol =
Jo v > 0 and it follows that vg = vg,/Vol. We now define the inner product
on V by

(v, w) = /G (o(g™)v, plg™Yw)ve.
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Then, for an arbritrary ¢’ € G we have for v,w € V:

(p(g' Yo, plg'w) /G<p((9’g)1)v,p((9’g)1)w>vc
= [ oty oplg™ (L) e
G

- / (g™ Yo, plg™ e
G

— (v, w).

O

Remark. Let O(V) C GL(V) denote the group of orthogonal transformations
with respect to the inner product (-,-). Then O(V) is compact and therefore
a closed Lie subgroup in GL(V). It follows that p:G — O(V) is a Lie group
homomorphism. If G is connected p(g) € SO(V) for all g € G, where SO(V) C
O(V) is the subgroup of orthogonal transformations with determinant 1.

Theorem A8. Let M = G/H, with G and H C G as above and G compact
and connected. We then have the following.

(1) The inclusion i: Q*(M)¢ — Q*(M) induces an isomorphism on cohomo-
logy.

(2) There is a natural isomorphism

Hig(M) = H*(Alt"(g/9)")

Proof. Clearly (2) follows from (1) and Proposition A2.

To show (1) we pick, according to Proposition A7, an inner product on the
Lie algebra g of G which is invariant under the adjoint representation Ad: G —
GL(g), and since G is assumed to be connected we have Ad(g) € SO(g) for all
g € G. By multiplying the inner product by a positive scalar we can assume
that the open unit disc

B={Xegl|(X,X)<1}

is mapped diffeomorphically under the exponential map onto an open neighbor-
hood U of e € GG. As in the proof of Proposition A7 we let vg be the unique left
invariant volume form on G that satisfies

/’UG:1.
G

Finally for g € G we let Ly: M — M denote the diffeomorphism given by left
multiplication with g € G.

For w € QF(M) we will define a G-invariant k-form @ € QF(M)%, in the
following way: Let p € M and vy,...,vr € T, M and notice that

g (Lyw)p(vi, ..o, 0k) = wyp(Lgav1, . . ., Lguvi)

defines a differentiable function on G. We now put

wp(v1,...,0) = / Wap(Lgiv1, ..., Lgvg)vg
geG
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or for short

o= / (Liw)ve.
geG

We shall show the following three claims:
(i) @ is a G-invariant differential k-form.
(ii) If w € QF(M)Y then @ = w.

(iii) There are linear operators
S0 =0,5% QF(M) — QFL(M), k=1,2,...
satisfying
dS*w + S dw = o —w for all w € QF(M), k=0,1,2,....

The theorem then follows from (i)—(iii).

(i) That w is differentiable is seen the same way as in the proof of Proposi-
tion A2. To see that @ is G-invariant we first notice that vg is a right G-invariant
form on G, that is R;(vg) = vg for all g € G. This follows from the fact that
R;/’UG again is left invariant so that

(Ry)"ve = Ag')va, Ag") e R\ {0},

where \:G — R\ {0} is a differentiable homomorphism hence is constantly
equal to 1 since G is compact and connected. We now get

(Ly)w = / (L7 Liw)ve
geG

éwwmwmm

— [ @, )
zeG

:/ (Liwyve = @,
x€G

where # = gg’ that is g = x(¢')"! = Ry -1(x), it follows that L;,l(&)) = w,
which was to be proven.
(i) For w € Q(M)% we have

JJ:/ L;(w)vgz/ ve:w/UG:w
geG geG G

(iii) For this we use the neighborhood U = exp B. We first notice that

<m:UW:UUmU
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is an open subgroup in G and since G is connected we have (U) = G (because
the complement consists of cosets which are also open).

As U C U™ and G is compact, there is a j € N such that G = U7. We
get that {L,U | g € U’} is an open covering of G hence by compactness we

obtain G = Uli:1 g;U. Now define inductively Wy, ..., W; by

Wi =qU,...,Wit1=g¢i1U — (U Wu)-
v=1

Then G = W7 U...U W, is a disjoint union and
V =int(W7)U...Uint(W))

is a open subset such that 0V C Uli:1 ¢:0U, is a union of (m — 1)-dimensional
submanifolds in G, where m = dim G. For f an arbitrary continuous function
on G we thus have

/vac/‘/fvcé/int(Wi)va-

For g € W; C q;U, g; € U7, we write g in the form
g = exp(X1) - - - exp(X;)exp(X)

and define a curve v(t,g) € G, t € [0,1] by
Y(t, g) = exp(tXy) - - - exp(tX)exp(tX).

Then (0, g) = e and (1, g) = g. From v we get a homotopy L. g: M — M,
t € [0,1], where Lo,y = id and L. 4 = Ly. As in the proof of the Poincaré
Lemma (see [MT]) we get an operator

k. Ok k-1
Sq: 8 (M) — Q" H(M)
such that
k k+1 o Tx*
dSjw+ S, dw = Lyw — w.
Here S gw is explicitly given by the formula

d

S5 onseenstien) = [ (V0

Ui, 08 €T,M

1. 'avkl)dtv

This is differentiable in g for g € int(W;) and we may define
SF(w) = / (Skw)ve.
gev
By integration of the formula above we get

dS*w 4 S*dw = / (Lyw)ve — / e
gev gev

/g L - / o
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Exercise A9. Let M = G/H, where G is a compact Lie group with identity
component Gy C G.

(1) Show that the number of components of M is [G: GoH], and that each
component is diffeomorphic to My = Go/Go N H.

(2) Conclude that
Hip (M) = H*(Alt* (g /) o nH)leCoftl,
Exercise A10. Let M™ = G/H, where G is a compact connected Lie group.
Show that the following statements are equivalent:
(1) M is orientable.
(2) Hir(M) #0.
(3) For all h € H, det(Ad(h)) = 1 where Ad(h):g/h — g/b.
(4)

Exercise A11l. Let G be a compact Lie group and p:G — GL(V) a rep-
resentation on a finite dimensional vector space V. We write gv = p(g)v for
g € G,v € V. Now define the dual representation on V* = Homg(V,R) by

There is a volume form vy € Q(M)¢ with fM vy = 1.

(gv)(w) = v* (¢~ v), v eV veV,geq
Let V¢ ={v eV |gv=v}and (V) = {v* € V* | gv* = v*}.
(1) Show that the natural mapping given by restriction
(V*)G SN (VG)*

is an isomorphism.

(2) Nowlet V and V' be two finite dimensional vector spaces with G-representations
as above and let B: V x V/ — R be a non-degenerate G-invariant bilinear func-
tion. (B is non-degenerate if the mapping B*: V' — V* given by Bf(v')(v) =
B(v,v"), v € V,v' € V'  is an isomorphism. B is G-invariant if B(gv,gv’) =
B(v,v") forallv eV, v e V' g€ G.)

Show that B by restriction gives a non-degenerate bilinear function
B:VGx V'Y R

Exercise A12 (Poincaré duality). Let G be a compact connected Lie group,
H C G a closed Lie subgroup and put M = G/H. Assume that M is oriented
and for £ = 0,...,n define the bilinear function

QF (MG x Q" F(M)¢ — R

by

B(a,ﬁ):/Moe/\ﬂ, ac QF(ME. 3 e nr(M)C,

(1) Show that B is non-degenerate (cf. Exercise A11).
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(2) Show the formula

B(da, B) = (=1)kB(a,dp), for all a € QF—1(M)C, g € Q»F(M)C.
(3) Show that B induces a non-degenerate bilinear function
B:HE (M) x HigH(M) — R k=0,...,n.

That is B": H:ﬁ;k — HE:(M)* is an isomorphism.

Hints to (1): First show the following lemma: For V' an n-dimensional vec-
tor space and v € Alt"(V) a generator, the bilinear function B:Alt*(V) x
Alt"*(V) — R given by

aA B = Bla, ), a e AltF(V), 3 € Alt" K (V)
is non-degenerate.

We conclude the appendix with a few examples.

Example A13. M = S™ (cf. Example A5). Let R"™! have the coordinates
(zo,...,2n) and consider the diffeomorphism

7:80(n +1)/S0(n) — S™ C R*+!

given by 7(gSO(n)) = geo, g € SO(n + 1), where ¢y = (1,0, ...,0). The differ-
ential

me:50(n +1)/s0(n) — R™ = span(eg)*
satisfies

T (Ad(h) X) = hr (X) X cso(n+1), heSO(n)
and thereby induces an isomorphism

ALtF(R™)SOM) T, ALtk (s0(n + 1) /s0(n))SO™) k=0,..,n,
where

AltR(R™)SOM) = Lo € AIt*(R™) | a(hon, . .., hog) = a(vy, ..., v6) ),
for all vy,...,v € R™ and h € SO(n). We now have

Rdet k=n

k(pn)SO(n) _
Alt*(R") {0 k=1,....n—1

where “det” is defined by the determinant. It is clear that “det” is SO(n)-invariant
(by definition). So let us show that every a € AltF(R™)SOM) Lk < n, is 0:

Let {e1,...,e,} be the canonical basis for R", and notice that « is deter-
mined by {a(ei,,...,e;) | 1 < i1 < ... < i < n}. But for k < n there are
h,h’ € SO(n) such that

hie1) = €iyyeens hiex) = €iy,
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and

h'(e1) = —eiy, W (e2) = €iyy ..., 1 (ex) = e,
hence

alei,....e,) =aler,...,ex) = —alei, ... e,),

that is a(e;, ..., €, ) = 0 . We have thus shown that

Rlvgr] k=n
HY:(S") =40 k=1,...,n—1
R k=0

where vgn € 2"(S™) is the volume form from Example A5.

Exercise A14. For M = RP"™ the n-dimensional projective space, show that

.~ (R k=0andk=nodd
Hag(RP") =

0 otherwise.
Example A15. M = CP™ =U(n+1)/(U(1)xU(n)). C**! has the coordinates

(20,...,2n) and H = U(1) x U(n) C U(n + 1) is the subgroup of matrices on
the form

A0
g= (0 h) AeU(1),h € Un).
It is easy to show that the mapping
meu(n +1)/u(n) x u(l) — C»

given by

Tn,1
T (X) =
Tn,n

is an isomorphism, and that
1. (Ad(g)X) = A\hm.(X), for X eu(n+1)C M(n+1)
and g € H as above. That is we get an isomorphism
AE(CM)Y0) =2 ALK (u(n + 1) /(u(1) x u(n)))?
where
AltE (€)Y = (o e AltE(C™) | alhoy, ..., hog) = al(vy, ..., 06) ),
for all vy,...,v, € C" and h € U(n). Notice that xk € Alt3(C") given by

k(v,w) = —Im(wtv)
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is U(n) invariant and that (e, ie;) = 1 so that
Alt2(C™)YM™ £ o,
We show that

RkF2 0 <k <2n,k even

- (A1)
0 otherwise.

Alth(Cm)V = {

Since C" = spang{ey, ..., en,i€1,...,ie,}, a € AltF(C*)V(") is determined by
the values
alei ... ey, iej,... 0ej5,),

where 1 <4y <--- <4, <n, 1 <j1 <+ <jp <nand p+q = k. But if there
is a js ¢ {i1,...,4p} then the mapping

. —e =7
“l €] l#]s

is unitary so that
alei ... ei,,iej,...,0ej,) = —aleq,... e, lej,... 0ej5,),

that is a(ei,, ..., e, i€j,...,ie;, ) = 0. In the same way we show that if i; ¢
{J1,---,Jq} then ale;, ... e;  iej ... ie;,) = 0. That is, o = 0 if p # ¢ and
for k = 2p, « is determined by the values

alei ;.. ey, i€, .. 0 ).
There is an h € U(n) such that h(e;) = e;,, l =1,...,p, hence « is determined
by a(er,...,ep,d€1,...,0€p).
We conclude that Altﬂép (C")V( is at most 1-dimensional, so it is enough
to show that kP # 0. An easy calculation shows that
kP(e1,. .. ep,ie1,...,0e,) = p!, p<n,
which shows (A.1). This also shows that

Rk"/2 0 <k <2n,k even
0 otherwise.

(e~ (A2)

Exercise A16 (Symmetric spaces). Let M = G/H, where G is a compact
connected Lie group and H C G is a closed Lie subgroup. Let h C g be the
Lie algebras for H and G respectively, and assume that there is a complement
m C g such that g = m & h and such that the following is satisfied:

(1) Ad(h)(X)emforallhe H, X €m.
(2) [X,Y]ebpforall XY €m.
Show that there is a natural isomorphism

HY (M) =2 AP m)P . k=0,1,2,...

where the action of H on Alt*(m) is induced by the adjoint action of H on m
given by (1).
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Exercise A17. Let G be a compact connected Lie group. As G acts on the Lie
algebra g by the adjoint representation, show that there is a natural isomorphism

HlR(G) = Alt*(g)¢.

Hint: Use Exercise A16 for the case H C G x G, H = {(g,9) | g € G}.
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