T o p o l o g i c a l I n v e s t i g at i o n s o f P o s i t i v e ly C u rv e d M a n i f o l d s

M a s t e r T h e s i s i n M a t h e m a t i c s

J o h n O l s e n — 1 9 9 9 0 8 0 4

A d v i s o r : K a r s t e n G r o v e , J ø r g e n T o r n e h av e

D e p a r t m e n t o f M a t h e m a t i c a l S c i e n c e s U n i v e r s i t y o f A a r h u s J u l y 2 0 0 4

T o p o l o g i c a l I n v e s t i g at i o n s o f P o s i t i v e ly C u rv e d M a n i f o l d s

Contents

Introduction iii Contents . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv Acknowledgment . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . viii

1 Positive Curvature and the Connectedness Principle 1 1.1 Basic Definitions and Results . . . . . . . . . . . . . . . . . . . . . . . . . 1 1.2 Morse Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 1.3 Theorems of Frankel and Synge . . . . . . . . . . . . . . . . . . . . . . . . 9 1.4 Wilking’s Connectedness Theorem . . . . . . . . . . . . . . . . . . . . . . . 12

2 The Twisted Path Space of a Manifold 19 2.1 Construction of The Twisted Path Space . . . . . . . . . . . . . . . . . . . 19 2.2 Morse Theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21 2.3 The Main Theorem and an Index Estimate . . . . . . . . . . . . . . . . . . 22 2.4 A Generalization of Wilking’s Theorem . . . . . . . . . . . . . . . . . . . . 29

3 Totally Geodesic Submanifolds 33 3.1 Technical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33 3.2 Topology of Manifolds with Totally Geodesic Submanifolds . . . . . . . . . 37

Literature 45

i

Introduction

Throughout this thesis, let M be a complete Riemannian manifold. For simplicity we will assume throughout the text, that the manifolds considered are without boundary. All curves are parametrized by [0, 1]. We note that if a Riemannian manifold has positive sectional curvature, the theorem of Bonnet and Myers implies that the manifold is compact.

In this thesis we will discuss the connectedness principle and its consequences in the geometry of positive sectional curvature. The results are in nature topological and the Riemannian geometric assumption enters the proofs via a Morse Theory argument, a so called “Synge type argument”.

In [G II] Grove studied geodesics satisfying certain boundary conditions. Concretely, let N ⊂ M × M be a submanifold. A geodesic γ : [0, 1] −→ M is called an N-geodesic if

(γ(0), γ(1)) ∈ N and (γ̇(0), −γ̇ (1)) is normal to N.

where γ̇(t) is the tangent vector to γ at t and M ×M is endowed with the product metric. Let also Δ be the diagonal in M × M.

Using critical point theory on Hilbert manifolds, Grove proved the following results.

Lemma. Let Λ_N (M) = {σ ∈ L^2_1(I, M) | (σ(0), σ(1)) ∈ N}. If there are no nontrivial N-geodesics on M then the inclusion

e: N ∩ Δ −→ Λ_N (M), e(x, x)(t) = x ∀t ∈ I

is a homotopy equivalence.

Using this lemma and some elementary homotopy theory Grove proved the following theorem.

Theorem A. Let p_i : N −→ M ×M be projection on the ith factor. If there are no nontrivial N-geodesics on M then there is an exact sequence of homotopy groups

iii for i ≥ 0.

Exactness at π_{i−1}(N ∩ Δ) implies that

∀ [k] ∈ π_i(M) ∃ [g] ∈ π_i(N, N ∩ Δ) s.t.

[k] = ((p_1)_∗ − (p_2)_∗([h])) − ((p_1)_∗([g]) − (p_2)_∗([g])), i ≥ 1.

If i = 1 read the formula multiplicative.

The main theorem of Chapter 2 is clearly inspired by this theorem. The rest of [G II] is devoted to proving results on V_1 − V_2-connecting geodesics i.e. geodesics connecting the compact connected submanifolds V_1 and V_2 of M. These results are all corollaries of the above theorem.

Contents

This thesis is divided into three parts. For each of these we will now summarize the most important results.

In the first chapter we study some old theorems by Frankel and Synge, see [F] and [S], and two recent theorems by Wilking, see [W I]. The proofs of these important theorems rely heavily on Morse Theory on the finite dimensional approximation to the path space of the manifold. After giving some well-known definitions and results we thus start by extending the most important results (for our purpose) from [M] to the set-up in which we will use the results. Most of the proofs are nearly identical to those given in [M], so we only indicate the necessary changes.

We will prove the following two classical theorems by Frankel and Synge.

Theorem B. Assume that M^m positive sectional curvature. Let V^s and W^r be two compact totally geodesic submanifolds. If r + s ≥ m then V ∩ W ≠ ∅.

Theorem C. Assume that M has positive sectional curvature.

1. If M is even dimensional and orientable, then M is simply connected.

2. If M is odd dimensional, then M is orientable.

A more serious application of Morse Theory is the following recent connectedness theorem by Wilking.

Theorem D. Assume that M^m has positive sectional curvature.

1. Suppose N^{m−k} ⊂ M^m is a compact totally geodesic embedded submanifold. Then the inclusion map i: N^{m−k} −→ M^m is (m − 2k + 1)-connected.

2. Suppose N^{m−k1}_1 , N^{m−k2}_2 ⊂ M^m are two compact totally geodesic embedded submanifolds with k_1 ≤ k_2 and k_1 + k_2 ≤ m. Then the intersection is a compact totally geodesic embedded submanifold as well and the inclusion i: N^{m−k1}_1 ∩ N^{m−k2}_2 −→ N^{m−k2}_2 is (m − k_1 − k_2)-connected.

We will briefly indicate how the proof of (1) goes. One starts by considering the space P (M, N, N) of piecewise smooth curves starting and ending in N. The energy of such a curve is given by E(γ) =

∫_1 0 |γ̇ |^2dt. Notice that N embeds naturally as E^{−1}(0). The critical points of E are the smooth geodesics starting and ending orthogonally to N.

Let P_{<c}(M, N, N) = E^{−1}([0, c)). For a c > 0 and a sufficiently fine partition 0 = t_0 < t_1 < · · · < t_k = 1 the space

B^k_c (M, N, N) = {γ ∈ P (M, V, W ) | γ_{|[ti−1 ,ti]} minimal geodesic for all i = 1, . . . , k} ∩ P_{<c}(M, N, N)

has the structure of a finite dimensional smooth manifold and the map

E_{|B}k_{c (M,N,N)} : B^k_c (M, N, N) −→ [0, c)

is smooth and proper. Furthermore, the space B^k_c (M, N, N) is homotopy equivalent to the space P_{<c}(M, N, N).

Since the number of linearly independent smooth and parallel vector fields along a nontrivial critical point of E is m − 2k + 1 it follows that the index of a nontrivial critical point is at least m − 2k + 1. The facts that E^{−1}(0) = N, E_{|B}k_{c (M,N,N)} is smooth and proper and the index of a nontrivial critical point is at least m − 2k + 1 imply by Morse Theory that π_i(B^k_c (M, N, N), N) = 0 for i ≤ m − 2k. Since B^k_c (M, N, N) is homotopy equivalent to the space P_{<c}(M, N, N) it follows from a homotopy direct limit argument that π_i(P (M, N, N), N) = 0 for i ≤ m − 2k. Using the isomorphism π_i(P (M, N, N), N) ∼= π_{i+1}(M, N) one sees that the inclusion i: N^{m−k} −→ M^m is (m − 2k + 1)-connected.

It is worth noting that Frankel’s Theorem is an immediate consequence of Wilking’s Theorem, since π_0(∅) = ∅ and the map i: N^{m−k1}_1 ∩ N^{m−k2}_2 −→ N^{m−k2}_2 is (m − k_1 − k_2)- connected.

Poincare Duality implies that this theorem has some very strong consequences for the cohomology ring of M.

Theorem E. Let M^m be a compact oriented manifold and let N^{m−k} be an embedded compact oriented submanifold. Suppose the inclusion i: N^{m−k} −→ M^m is (m−k −l)-connected and m − k − 2l > 0. Let [N] ∈ H_{m−k}(M; Z) be the image of the fundamental class of N in H_∗(M; Z) and let e ∈ H^k(M; Z) be its Poincare dual. Then the homomorphism

∪e: H^i(M; Z) −→ H^{i+k}(M; Z)

is surjective for l ≤ i < m − k − l and injective for l < i ≤ m − k − l.

In the second chapter we examine the twisted path space and use this construction to derive a new connectedness theorem. In particular, we prove a generalization of Wilking’s theorem of Chapter 1. The results of this Chapter are due to Fang, Mendonca and Rong, see [FMR].

Let M and N be compact manifolds and let f : N −→ M × M be an isometric immersion. Let P (M) be the space of piecewise smooth curves in M. Consider the fibration ev_{0,1} : P (M) −→ M × M. The twisted path space is P (M, f) = f^∗(P (M)) the pull-back fibration over N. We define the energy of a point in P (M, f) to be E(x, γ) =

∫_1 0 |γ̇|^2dt.

Let f^{−1}(Δ) be the inverse image of the diagonal in M ×M. This is identified with E^{−1}(0).

We start by showing that the Morse Theory approach developed in Chapter 1 also works when we consider the twisted path space. Using this approach to Morse Theory, we prove the following theorem.

Theorem F. Let M and N be compact and path connected Riemannian manifolds and let f : N −→ M × M be an isometric immersion. Assume that every nontrivial critical point of E : P (M, f) −→ R has index ≥ λ. Then

1. if λ ≥ 1 then f^{−1}(Δ) ≠ ∅

2. if λ ≥ 2 and M is simply connected then f^{−1}(Δ) is path connected.

If, in addition, f is either minimal or N = N_i × N_i i = 1, 2 and f = f_i × f_i where f_i is an embedding then

3. π_i(P (M, f), f^{−1}(Δ)) = 0 for all i < λ.

4. there is an exact sequence of homotopy groups

where i < λ. ∂ is given by (p_1f)_∗ − (p_2f)_∗ where p_1, p_2 are the projections of M × M onto the first and second factor, respectively.

To prove (2) one shows that all the sublevels E^{−1}([0, c]) are connected, hence E^{−1}(0) is connected. The proof of (3) is similar to the proof of Wilking’s theorem. (4) follows from (3) by elementary homotopy theory.

The asymptotic index ν_f (x) of an isometric immersion f : N −→ M ×M at a point x ∈ N is the maximal dimension of a subspace N_x of T_xN such that the second fundamental form satisfies II_{|Nx} = 0. The asymptotic index of f is ν_f = min_{x∈N} ν_f (x). One can estimate the index of a nontrivial critical point of E in P (M, f) in terms of the asymptotic index of f.

Proposition. Assume that M, N are compact and path connected Riemannian manifolds. Assume that M^m has positive lth Ricci curvature and let f : N −→ M ×M be an isometric immersion. Let (x, γ) be a critical point of E in P (M, f) and let λ be the index of (x, γ) as a critical point. Then

1. λ ≥ ν_f − m − l + 1.

2. If f = f_1 × f_2 : N_1 × N_2 −→ M × M where f_i : N_i −→ M is an immersion then λ ≥ ν_f − m − l + 2.

Using this one can prove the following generalization of Wilking’s theorem.

Theorem G. Assume that M^m has positive sectional curvature. Let N_i, i = 1, 2 be embedded compact and path connected submanifolds with asymptotic index ν_i. Then

1. the inclusion i_i : N_i −→ M is (2ν_i − m + 1)-connected.

2. if N_i are both minimal (the inclusion is minimal) then i: N_1 ∩ N_2 −→ N_1 is (ν_1 + ν_2 − m)-connected.

Note the Wilking’s theorem follows from this one since a totally geodesic embedding i: N −→ M has asymptotic index ν_i = dim(N).

In the third chapter we will investigate the homotopical and cohomological properties of manifolds with totally geodesic submanifolds. The results of this chapter are due to Wilking, see [W I]. The results are all derived from Wilking’s two theorems in Chapter 1 using Poincare Duality and some algebraic topology.

Theorem H. Suppose M^m is simply connected, oriented and has positive sectional curvature.

1. If m is odd and M contains one totally geodesic compact oriented submanifold N of codimension 2 then M is homotopy equivalent to a sphere (and hence homeomorphic if m > 3).

2. If m is even and M contains a compact totally geodesic oriented submanifold N of codimension 2 and a compact totally geodesic oriented submanifold N^′ of codimension < m/2 with N^′ ⊊ N then M is homotopy equivalent to a sphere or to a complex projective space.

3. Suppose m ≡ 0 (mod 4) or m ≡ 1 (mod 4) and m > 13. If M contains one compact totally geodesic oriented submanifold N_1 of codimension 4 and one compact totally geodesic oriented submanifold N_2 of codimension < m/2 − 3 such that N_1 and N_2 intersect transversely. Then M has the cohomology ring of either S^m, CP^{m/2} or HP^{m/4}.

One can also show that under certain assumptions the cohomology groups H^i(M; Z) i = 1, . . . , m − 1 consists only of 2-torsion.

Theorem I. Let M^m be a simply connected oriented manifold of positive sectional curvature and dimension at least 5. Suppose N^{m−k1}_1 and N^{m−k2}_2 are two totally geodesic oriented submanifolds intersecting transversely. Furthermore, assume that k_1 ≤ (m + 3)/4, k_1 + 2k_2 ≤ m and that k_1 is odd. Then for all i ∈ {1, . . . , m − 1} and x ∈ H^i(M; Z) we have 2x = 0.

Acknowledgment

I would like to thank my supervisor, Karsten Grove, for interesting and inspiring discussions and for suggesting this fascinating topic in the first place! I would also like to thank Marcel Bökstedt for his inspiration, enthusiasm and patience and Jørgen Tornehave for many inspiring discussions and useful advice. I would also like to thank Rune Ljungmann for proofreading the thesis.

Chapter 1

Positive Curvature and the Connectedness Principle

In this chapter we generalize the theory developed in [M, Chapter 12 - Chapter 16] slightly. We use these results to prove a recent and important connectedness theorem by Wilking, see [W I]. The theorem simply states that the inclusion of a compact totally geodesic embedded codimension k submanifold in a positively curved m-manifold is (m − 2k + 1)- connected. We will also prove the classical theorems of Frankel and Synge and see how these theorems follow from the connectedness principle.

We start by presenting some definitions and facts from differential geometry and algebraic topology which we will need throughout the text.

1.1 Basic Definitions and Results

Riemannian Geometry The results and definitions of this section are also valid if M is not complete.

Let f : (N, h) −→ (M, g) be an isometric immersion, that is an immersion which for all x ∈ N satisfies ⟨v, w⟩ = ⟨f_∗(v), f_∗(w)⟩, for v, w ∈ T_xN.

Definition 1.1. The second fundamental form II : T N ⊗ T N −→ T N^⊥ of f is pointwise given by

(∇^{M,g}_X (Y ))_x = (∇^{N,h}_X (Y ))_x + (II(X, Y ))_x,

where X, Y are vector fields on N and (∇^{N,h}_X (Y ))_x, (II(X, Y ))_x are the tangential and normal component of the vector (∇^{M,g}_X (Y ))_x.

By dualizing we get a map II^′ : T N ⊗ T N^⊥ −→ T N defined pointwise by

⟨II^′(U, X), V ⟩ = −⟨II(U, V ), X⟩,

for U, V ∈ T_xN and X ∈ T_xN^⊥, see e.g. [KN II, Chapter 3].

Definition 1.2. An isometric immersion f is totally geodesic if II ≡ 0 Definition 1.3. The asymptotic index ν_f (x) of f at a point x ∈ N is the maximal dimension of a subspace N_x of T_xN such that II_{|Nx} = 0. The asymptotic index of f is ν_f = min_{x∈N} ν_f (x).

Remark. An isometric immersion f is totally geodesic if and only if ν_f = dim(N) △ Definition 1.4. A Riemannian manifold M^m with curvature tensor R has positive kth Ricci curvature if for v_1, . . . , v_{k+1} orthonormal vectors in T_pM the number

k+1∑ j=1 ⟨R(v_j , v)v, v_j⟩ > 0,

for all v ∈ span{v_1, . . . , v_{k+1}}.

Remark. Positive (m − 1)’st Ricci curvature is positive Ricci curvature.

Positive first Ricci curvature is positive sectional curvature. Let v_1, v_2 be orthonormal vectors in T_pM. Then as M has positive first Ricci curvature

⟨R(v_1, v)v, v_1⟩ + ⟨R(v_2, v)v, v_2⟩ > 0 for v ∈ span{v_1, v_2}. Put v = c_1v_1 + c_2v_2 then by linearity and antisymmetry of R we get c^2⟨R(v_1, v_2)v_2, v_1⟩ + c^2_1⟨R(v_1, v_2)v_2, v_1⟩ = (c^2_1 + c^2)⟨R(v_1, v_2)v_2, v_1⟩ > 0.

It follows that M has positive first Ricci curvature if and only if M has positive sectional curvature. △ Definition 1.5. The mean curvature vector of f at x ∈ N is the normal vector H_x defined by H_x = trace II_x =

∑_{dim N} i=1 II(X_i, X_i), where {X_i} is an orthonormal basis of T_xN.

Definition 1.6. An isometric immersion f is minimal if H_x ≡ 0 for all x ∈ N.

Algebraic Topology We will also collect a few definitions and results from algebraic topology. Let R be a ring with unit.

Definition 1.7.

1. A local orientation of a manifold M at x ∈ M is a choice of generator for the infinite cyclic group H_n(M, M \ {x}; Z).

2. An orientation is a function x −→ μ_x assigning to each x ∈ M a local orientation μ_x ∈ H_n(M, M \ {x}; Z) satisfying the following condition: Each x ∈ M has a neighbourhood U ⊆ M homeomorphic to R^n containing an open ball B of finite radius such that all the local orientations μ_y at y ∈ B are the image of one generator μ_B ∈ H_n(M, M \ B; Z) ∼= H_n(R^n, R^n \ B; Z) under the natural map H_n(M, M \ B; Z) −→ H_n(M, M \ {y}; Z). If an orientation exists, M is called orientable.

3. An R-orientation is function x −→ μ_x assigning to each x ∈ M a local orientation μ_x ∈ H_n(M, M \ {x}; R) satisfying the condition of (2). If an R-orientation exists M is called R-orientable.

Recall that every manifold has a two sheeted covering M given by

M = {μ_x | x ∈ M, μ_x a local orientation of M at x}. The map μ_x −→ x is the covering projection.

Proposition 1.8. If M is connected then M is orientable if and only if M has two components. In particular M is orientable if it is simply connected or more generally if π_1(M) contains no subgroup of index two.

Proof: [H, Proposition 3.25]. □ To define the fundamental class of a manifold we need the following theorem.

Theorem 1.9. Let M be a compact and connected n-manifold. Then

1. If M is R-orientable the map H_n(M; R) −→ H_n(M, M \ {x}; R) ∼= R is an isomorphism for all x ∈ M.

2. if M is not R-orientable the map H_n(M; R) −→ H_n(M, M \ {x}; R) ∼= R is injective with image {r ∈ R | 2r = 0} for all x ∈ M.

Proof: [H, Theorem 3.26]. □ In view of the theorem we make the following definition.

Definition 1.10. An element of H_n(M; R) whose image in H_n(M, M \{x}; R) is a generator for all x ∈ M is called a fundamental class of M and is denoted [M].

An essential ingredient in the proof of Wilking’s cohomology theorem is the Poincare Duality Theorem.

Theorem 1.11. If M is a compact R-orientable n-manifold with fundamental class [M] ∈ H_n(M; R) then the map P D : H^k(M; R) −→ H_{n−k}(M; R) defined by P D(α) = [M] ∩ α is an isomorphism for all k.

Proof: [H, Theorem 3.30]. □ Corollary 1.12. Let M be an R-orientable manifold. If R is a field or R = Z and the torsion of H^∗(M, Z) is factored out, the bilinear pairing H^k(M; R) × H^{n−k}(M; R) −→ R given by (φ, ψ) −→ (φ ∪ ψ)[M] is nonsingular.

Proof: [H, Proposition 3.38]. □ Remark. Let F be a field. The pairing defined in Corollary 1.12 gives an isomorphism H^i(M; F) ∼= H^{n−i}(M; F)^∗. Since M is compact all the cohomology groups are finite dimensional vector spaces over F, hence H^{n−i}(M; F)^∗ ∼= H^{n−i}(M; F). This isomorphism will also be called Poincare Duality. △ We shall also need the concept of a homotopy direct limit of a directed system of spaces. Consider a sequence of topological spaces X_0 ⊂ X_1 ⊂ X_2 ⊂ · · · with union X. Define a space (Milnor’s telescope) by

X_Σ = X_0 × [0, 1] ∪ X_1 × [1, 2] ∪ X_2 × [2, 3] ∪ . . . . Topologize this set as a subset of X × R.

Definition 1.13. The space X is the homotopy direct limit of the sequence {X_i} if the projection map p: X_Σ −→ X defined by p(x, τ) = x is a homotopy equivalence.

The reason why homotopy direct limits are so useful is the following theorem. Theorem 1.14. Let X be the homotopy direct limit of {X_i} and let Y be the homotopy direct limit of {Y_i}. Let f : X −→ Y be a map which carries each X_i into Y_i by a homotopy equivalence. Then f itself is a homotopy equivalence.

Proof: [M, Theorem A]. □ We shall also need the following definition.

Definition 1.15. A map f : X −→ Y is called n-connected if the induced map f_∗ : π_i(X) −→ π_i(Y ) is an isomorphism for i < n (bijection for i = 0) and a surjection for i = n^1.

In the last chapter we will need the Thom isomorphism, the Gysin sequence and the Lefschetz Fixed Point Theorem to examine group actions on manifolds.

1The choice of basepoint will be suppressed in the following. We trust the reader to imagine how the expressions would look like, if a basepoint was written explicitly.

Definition 1.16. Let (D^n, S^{n−1}) −→ (E, E^′) −→ B be a fibre bundle (a (disc, sphere) bundle) and let p: (E, E^′) −→ B be the projection. An element u ∈ H^n(E, E^′; R) whose restriction u_{|(D}n_{,S}n−1_) is a generator for H^n(D^n, S^{n−1}; R) ∼= R is called a Thom class of (E, E^′).

Theorem 1.17.

1. If the bundle (D^n, S^{n−1}) −→ (E, E^′) −→ B has a Thom class u ∈ H^n(E, E^′; R) then the map Φ: H^i(B; R) −→ H^{i+n}(E, E^′; R) given by Φ(b) = p^∗(b)∪u is an isomorphism for i ≥ 0 and H^i(E, E^′; R) = 0 for i < n.

2. Every bundle (D^n, S^{n−1}) −→ (E, E^′) −→ B has a Thom class u ∈ H^n(E, E^′; R) if R = Z/2Z. If the bundle (D^n, S^{n−1}) −→ (E, E^′) −→ B is orientable, it has a Thom class u ∈ H^n(E, E^′; Z).

Proof: See [H, Theorem 4D.9 and 4D.10]. □

Remark. A Thom class with Z-coefficients gives rise to a Thom class for any other commutative coefficient ring R under the homomorphism H^n(E, E^′; Z) −→ H^n(E, E^′; R) induced by the homomorphism Z −→ R defined by 1 −→ 1_R. One should also note that in an arbitrary ring a generator is an element with a multiplicative inverse. △

Theorem 1.18. Let S^{n−1} −→ E −→ B be a sphere bundle. Assume the the action of π_1(B) on H^∗(S^{n−1}; R) is trivial. Then there is an isomorphism p^∗ : H^i(B; R) −→ H^i(E; R) for i < n − 1 and for i ≥ n − 1 there is an exact sequence

where e ∈ H^n(B; R) is the Euler class.

Proof: Apply the Serre Spectral sequence to the fibration S^{n−1} −→ E −→ B or see [H, Theorem 4D.10]. □

Definition 1.19. Let f : X −→ X be a map of a topological space whose (co)homology groups vanish for large n. Define the Lefschetz number τ(f) by

τ(f) = ∑ n (−1)^n tr(f^∗ : H^n(X; Z) −→ H^n(X; Z))

Theorem 1.20. Let X be a finite simplicial complex, or more generally a retract of a finite simplicial complex (e.g. a finite CW-complex or a compact manifold) and let f : X −→ X be a map with τ(f) ≠ 0, then f has a fixed point.

Proof: See [H, Theorem 2C.3]. □

1.2 Morse Theory

In this section we generalize the theory developed in [M, Chapter 12 - Chapter 16] slightly. As the results are very similar to those stated in [M], we will merely present outlines of the proofs indicating the necessary changes. We will need the results from this section numerous times later on. First we introduce some notation. Let V and W be compact submanifolds of M. Notation. We let

i) P (M) = {γ | γ piecewise smooth curve}.

ii) P (M, V, W ) = {γ | γ piecewise smooth curve γ(0) ∈ V, γ(1) ∈ W }.

Definition 1.21. Let γ ∈ P (M) or γ ∈ P (M, V, W ). The energy of γ is E(γ) =

∫_1 0 |γ̇|^2dt.

Remark. This definition makes sense even though γ is only a piecewise smooth curve. △

Remark. The spaces P (M) and P (M, V, W ) are topologized as follows. Let d_M be the metric associated to the Riemannian metric on M. Let γ_1, γ_2 be curves in P (M) or P (M, V, W ) and let s_1(t) be the arc length function of γ_1 and let s_2(t) be the arc length function of γ_2. Then we give P (M) and P (M, V, W ) the metric

d(γ_1, γ_2) = max_{0≤t≤1} d_M (γ_1, γ_2) + √∫_1 0 (ds_1 dt − ds_2 dt )_2 dt .

The required topology is the topology induced by the above metric. E is continuous when P (M) and P (M, V, W ) are given this metric. △

Definition 1.22. Formally, the tangent space of P (M) and P (M, V, W ) at a point γ are

T_γ P (M) = {Y |Y piecewise smooth vector field along γ} and T_γ P (M, V, W ) =

{Y |Y piecewise smooth vector field along γ, Y (0) ∈ T_{γ(0)}V , Y (1) ∈ T_{γ(1)}W }

The first and second variation of the energy function is essentially calculated as in [M] the only differences is that one has to keep track of the contributions that comes from varying the endpoints.

1.2. Morse Theory 7

Lemma 1.23. Let Y, Y_1, Y_2 be tangent vectors at γ in either P (M) or P (M, V, W ). The first variation of E is given by 1 2 E_∗(Y ) = ⟨Y (t), γ̇⟩|^1_0 − ∑ t_i

⟨Y (t), Δ_{ti}γ̇ (t_i)⟩ −

∫_1 0 ⟨ Y, Dγ̇ dt ⟩ dt,

where Δ_{ti}γ̇ = lim_{t−→t}+_i γ̇(t) − lim_{t−→t}−_i γ̇ (t) and the sum is over all break points of γ.

The second variation of E at a critical point γ is given by 1 2 E_{∗∗}(Y_1, Y_2) = − ∑ t_i ⟨ Y_2(t_i), Δ_{ti}

DY_1 dt ⟩ − ∫_1 o ⟨ Y_2,

D^2Y_1 dt^2

+ R(γ̇ , Y_1)γ̇ ⟩ dt,

where R is the curvature tensor of M. Similar to above Δ_{ti} (DY_1/dt) = lim_{t−→t}+_i (DY_1/dt)− lim_{t−→t}−_i (DY_1/dt) and the sum is over all break points of γ.

Remark. Now it is easy to see what the critical points of E in P (M, V, W ) are, namely the smooth geodesics that start and end perpendicular to V and W . △

Notation. We let

i) P_c(M) = E^{−1}([0, c]) ⊆ P (M)

ii) P_{<c}(M) = E^{−1}([0, c)) ⊆ P (M).

iii) P_c(M, V, W ) = E^{−1}([0, c]) ⊆ P (M, V, W )

iv) P_{<c}(M, V, W ) = E^{−1}([0, c)) ⊆ P (M, V, W ).

We will construct finite dimensional manifolds that approximates the spaces P_{<c}(M) and P_{<c}(M, V, W ) up to homotopy equivalence. Let 0 = t_0 < t_1 < · · · < t_k = 1 be a partition of [0, 1]. Let P (M)(t_o, . . . , t_k) and P (M, V, W )(t_o, . . . , t_k) be the set of curves

i) P (M)(t_o, . . . , t_k) = {γ ∈ P (M) | γ_{|[ti−1 ,ti]} minimal geodesic for all i = 1, . . . , k}

ii) P (M, V, W )(t_o, . . . , t_k) =

{γ ∈ P (M, V, W ) | γ_{|[ti−1,ti]} minimal geodesic for all i = 1, . . . , k}

We shall need the following two theorems several times in later sections.

Theorem 1.24. Let M, V and W be as above.

1. Let c be a fixed positive number such that P_c(M, V, W ) ≠ ∅. Then for all sufficiently fine subdivisions of [0, 1] the set

P_{<c}(M, V, W )(t_o, . . . , t_k) = P (M, V, W )(t_o, . . . , t_k) ∩ P_{<c}(M, V, W )

can be given the structure of a smooth finite dimensional manifold.

2. Let M be compact and let c be a fixed positive number such that P_c(M) ≠ ∅. Then for all sufficiently fine subdivisions of [0, 1] the set

P_{<c}(M)(t_o, . . . , t_k) = P (M)(t_o, . . . , t_k) ∩ P_{<c}(M),

can be given the structure of a smooth finite dimensional manifold.

Proof: The proof is essentially given in [M, Lemma 16.1]. We sketch the proof of (2).

Since M is compact the injectivity radius inj(M) of M is strictly positive. Choose a partition 0 = t_0 < t_1 < · · · < t_k = 1 of [0, 1] such that t_i − t_{i−1} < (inj(M)^2)/c. Hence, for each broken geodesic ω ∈ P_{<c}(M)(t_o, . . . , t_k) we have

(L^{ti}_{ti−1} (ω))^2 = (t_i − t_{i−1})E^{ti}_{ti−1} (ω) ≤ (t_i − t_{i−1})E(ω) ≤ (t_i − t_{i−1})c < inj(M)^2.

Thus the geodesic ω_{|[ti−1 ti]} is uniquely and differentiably determined by the two endpoints. Hence ω is uniquely determined by by the (k + 1)-tuple (ω(t_0), ω(t_1) . . . , ω(t_k)) ∈ M × M × · · · × M. The map ω −→ (ω(t_0), ω(t_1) . . . , ω(t_k)) defines a homeomorphism between P_{<c}(M)(t_o, . . . , t_k) and some open subset of the product M × M × · · · × M. We endow P_{<c}(M)(t_o, . . . , t_k) with a differentiable structure by requiring that the correspondence ω −→ (ω(t_0), ω(t_1) . . . , ω(t_k)) is a diffeomorphism. □

Notation. Denote P_{<c}(M)(t_o, . . . , t_k) by B^k_c (M) and denote P_{<c}(M, V, W )(t_o, . . . , t_k) by B^k_c (M, V, W ).

The following theorem is basic in Morse Theory.

Theorem 1.25.

1. The map E^′ = E_{|B}k_{c (M,V,W )} : B^k_c (M, V, W ) −→ [0, c) is a smooth and for each a < c the set E^{′−1}([0, a]) = B_a(M, V, W ) is compact (E^′ is proper). B_a(M, V, W ) and is a deformation retract of the corresponding set P_a(M, V, W ) and B^k_c (M, V, W ) is a deformation retract of P_{<c}(M, V, W ). Furthermore the critical points of E^′ are the same as the critical points of E in B^k_c (M, V, W ). The index of the Hessian of E^′ at a critical point γ is the same as the index of E_{∗∗} at γ.

2. The map E^′ = E_{|B}k_{c (M)} : B^k_c (M) −→ [0, c) is a smooth and for each a < c the set E^{′−1}([0, a]) = B_a(M) is compact (E^′ is proper). B_a(M) and is a deformation retract of the corresponding set P_a(M) and B^k_c (M) is a deformation retract of P_{<c}(M). Furthermore the critical points of E^′ are the same as the critical points of E in B^k_c (M). The index of the Hessian of E^′ at a critical point γ is the same as the index of E_{∗∗} at γ.

Proof: [M, Chapter 14, 16] □

The following proposition is the essential tool in the proofs of the connectedness theorems.

Proposition 1.26. Let M be a smooth manifold a let f : M −→ R be a smooth map with minimum 0. Assume that M_c = f^{−1}([0, c]) is compact for all c. If the set of minimal points M_0 has a neighbourhood U with a retraction r : U −→ M_0 and every critical point in M \ M_0 has index ≥ λ then^2

π_i(M, M_0) = 0 for i < λ.

Proof: The proof in [M, Lemma 22.5] applies to this situation also. □

Remark. In particular, if M_0 is a submanifold, M_0 is a retract of some open neighbourhood U in M.

It is important to notice that the energy function E^′ : B^k_c (M; V, W ) −→ [0, c) satisfies the conditions of the proposition. △

1.3 Theorems of Frankel and Synge

In this section we will prove the classical theorems of Frankel and Synge. Later we will see that these theorems follow more or less directly from the connectedness principle.

First we state and prove Frankel’s theorem, see [F].

Theorem 1.27. Assume that M^m positive sectional curvature. Let V^s and W^r be two compact totally geodesic submanifolds. If r + s ≥ m then V ∩ W ≠ ∅.

Proof: Assume on the contrary that V and W do not intersect. Then since M is complete and V, W are compact there exists a shortest geodesic γ joining V and W of length l > 0. Since γ is a geodesic of shortest length, γ is a critical point of E. It follows from the first

2There does not seem to be a completely satisfactory way of defining π_0(X, Y ). The sets π_1(X, Y ) and π_0(X) are not generally groups. By the expressions π_1(X, Y ) = 0 and π_0(X) = 0 we mean that the sets consist of only one point, namely the base point. Exactness still makes sense when the sets are not groups: The image is equal to the inverse image of zero.

variation formula that γ̇ ⊥ V, W . We will construct a variation of γ with variation vector field X such that E_{∗∗}(X, X) < 0. This would give the desired contradiction since γ is minimizing.

Let p = γ(0) and q = γ(1). Let P : T_pM −→ T_qM be parallel translation along γ. By parallel translating T_pV along γ we get a subspace P (T_pV ) ⊆ T_qM. Since P is an isometry and T_pV ⊥ γ̇ (0) we know that P (T_pV ) ⊥ γ̇ (1). The tangent space T_qW is also perpendicular to γ̇(1), hence the intersection P (T_pV ) ∩ T_qW has dimension

dim(P (T_pV ) ∩ T_qW ) ≥ r + s − (m − 1) ≥ 1.

This implies that there is a unit vector X_0 ∈ T_pV whose parallel translate is a unit vector in T_qW . Denote the vector field P (X_0) along γ by X.

Using the second variation formula, we see that since M is positively curved E_{∗∗}(X, X) < 0. We finish the proof by constructing a variation of γ with the endpoints in V and W and with variation vector field X. Define a variation α(s, t) = exp_{γ(t)}(sX). Clearly α has X as variation vector field. Since V and W are totally geodesic we see that the endpoints α(s, 0) = exp_{γ(0)}(sX) and α(s, 1) = exp_{γ(1)}(sX) are in V respectively in W . □

We now state and prove Synge’s theorem, see [S]. The argument in the proof is classical, and is often called a “Synge type argument”.

Theorem 1.28. Assume that M has positive sectional curvature.

1. If M is even dimensional and orientable, then M is simply connected.

2. If M is odd dimensional, then M is orientable.

Proof: Synge’s original proof used the length functional, we will use the energy functional. (1) We first note that it is enough to consider free homotopy classes. Assume on the contrary that M is not simply connected. Since M is not simply connected there exists some nontrivial free homotopy class [h]. We need the following claim.

Claim 1. The free homotopy class [h] contains an element γ of minimal length. This element is a smooth geodesic.

Proof of Claim (1): The Bonnet and Myers’ theorem implies that M is comact sice it is positively curved. As S^1 is compact, it follows that there exists a c > 0 such that all curves γ ∈ [h] have energy less than c. We can then approximate P_{<c}(M) up to homotopy equivalence with the space B^k_c (M) for some k large enough.

Let L = inf_{σ∈[h]} L(σ) and let {σ_i} be a sequence of curves in [h] with lim_i L(σ_i) = L. We can assume that the curves σ_i are broken geodesics and that each σ_i have break points at t_j, 0 ≤ j ≤ k. By compactness of M we may assume that the sequences σ_i(t_j ) converges. Hence the broken geodesic approaches some limit curve γ in the same homotopy class [h]. Since γ is constructed such that it has minimal length, an application of the first variation formula shows that γ must be smooth. △

By parallel translating along γ we get an isometry P : T_{γ(0)}M −→ T_{γ(1)}M = T_{γ(0)}M. The vector field γ̇ is parallel along γ and since P is an isometry it preserves the orthogonal complement to γ̇. Let N = γ(0)^⊥ ⊆ T_{γ(0)}M and note that N = γ(1)^⊥ ⊆ T_{γ(1)}M since γ is smooth and closed. By restricting P to N we get an orientation preserving isometry P_| : N −→ N. Since M is even dimensional, N is odd dimensional. Identifying N with some R^{2k−1} we see that P_| is an orientation preserving orthogonal transformation. Hence P_| has eigenvalue 1, that is, there exists a v in N such that P_|(v) = v.

By parallel translating v along γ we get a parallel vector field V along γ. Consider the variation of γ given by α(t, s) = exp_{γ(t)}(sV ) with α(0, s) = α(1, s) = γ(0). Using the second variation formula for E, [M, Theorem 13.1], we see that E_{∗∗}(V, V ) < 0 since V is parallel and M is positively curved. Hence for sufficiently small s > 0, E(α_s) < E(γ). This implies that there are nearby curves in the same homotopy class as γ (α_s is the desired homotopy) which are shorter. This is a contradiction to the minimality of γ. (2) The proof is similar to the proof of (1). Assume that M is not orientable then we will obtain a contradiction. Since M is not orientable, Proposition 1.8 implies that M is not simply connected. Choose as in (1) a geodesic γ of minimal length in some nontrivial free homotopy class. Consider parallel transport along γ and construct a subspace N = γ(0)^⊥ = γ(1)^⊥ ⊆ T_{γ(0)}M = T_{γ(1)}M. Since M is not orientable, parallel transport reverses orientation. The map P_| : N −→ N is an orthogonal transformation and since the dimension of M is odd, the dimension of N is even. Therefore P_| must have eigenvalue 1 and hence a fixed point. The proof is now finished as in (1). □

The following theorem due to Weinstein is a generalization of Synge’s theorem.

Theorem 1.29. Let M be a complete Riemmannian manifold with positive sectional curvature and let f : M −→ M be a fixed point free isometry.

1. If M is even dimensional, then f reverses orientation

2. If M is odd dimensional, then f preserves orientation.

Proof: We will only prove (1) as (2) is proved similarly.

(1) Assume on the contrary that f preserves orientation. Pick p ∈ M and let q = f(p) ≠ p. Since M is complete we choose a minimal geodesic γ from p to q. The map f induces an isometry f_∗ : T_pM −→ T_qM. By identifying T_pM and T_qM with R^{2k} we see that f_∗ : R^{2k} −→ R^{2k} is an orthogonal transformation. Consider the complement γ(0)^⊥ ⊆ R^{2k} and γ(1)^⊥ ⊆ R^{2k}. Since f_∗ is an isometry it preserves this complement, hence inducing an isometry f_{∗|} : R^{2k−1} −→ R^{2k−1} which is an orthogonal transformation. Since f_{|∗} preserves orientation and R^{2k−1} is odd dimensional, it has a fixed point, v.

Extend v to a parallel vector field V along γ. Consider the variation of γ with variation vector field V given by α(s, t) = exp_{γ(t)}(sV ) (keeping endpoints fixed). As V is parallel and M has positive sectional curvature the second variation formula implies that E_{∗∗}(V, V ) <

0. Hence for small values of s the curves α_s satisfies E(α_s) < E(γ). This is a contradiction, since γ is minimal, hence f reverses orientation. □

1.4 Wilking’s Connectedness Theorem

In this section we prove Wilking’s connectedness theorem and show that the connectedness theorem has consequences for the cohomology ring of the manifold.

Theorem 1.30. Assume that M^m has positive sectional curvature.

1. Suppose N^{m−k} ⊂ M^m is a compact totally geodesic embedded submanifold. Then the inclusion map i: N^{m−k} −→ M^m is (m − 2k + 1)-connected.

2. Suppose N^{m−k1}_1 , N^{m−k2}_2 ⊂ M^m are two compact totally geodesic embedded submanifolds with k_1 ≤ k_2 and k_1 + k_2 ≤ m. Then the intersection is a compact totally geodesic embedded submanifold as well and the inclusion i: N^{m−k1}_1 ∩ N^{m−k2}_2 −→ N^{m−k2}_2 is (m − k_1 − k_2)-connected.

Remark. Since M has positive sectional curvature, M is compact by the Bonnet and Myers Theorem. △

Remark. An example where the conclusion in the theorem is optimal is the following. According to [W I] the Wallach flag M^{24} = F_4/Spin(8) contains a 15-dimensional totally geodesic submanifold N^{15} diffeomorfic to S^{15}. M^{24} is 7-connected but not 8-connected. Hence the inclusion map is also 7-connected but not 8-connected. △

Remark. Let Ω(M) be the loop space of M. We ought to pick a base point and write Ω(M, ∗), but since M is path connected, Ω(M, p_1) is homotopy equivalent to Ω(M, p_2) for all p_1, p_2 ∈ M.

We will use the fact that π_{i+1}(M) = π_i(Ω(M)) many times throughout the text. This fact is easily proved: Let P (M, ∗) be the set of curves in M ending at ∗. By [B I, Corollary 6.17] the map ev_0 : P (M, ∗) −→ M is a fibration. The space P (M, ∗) is contractible since a contraction is given by truncating the curves to their endpoint ∗. Since P (M, ∗) is contractible π_i(P (M, ∗)) = 0, for all i. By considering the long exact sequence for the fibration Ω(M) −→ P (M, ∗) −→ M

the claim now follows. △

Proof (Theorem 1.30): Notice first that, since M is path connected, (1) contains no new information, if m − 2k + 1 < 1, hence we assume that m − 2k + 1 ≥ 1. We also assume that m − k_1 − k_2 ≥ 0.

(1) We will use the set-up described in Section 1.2 with V = N and W = N. There is a natural embedding of N in P (M, N, N) as the set of constant paths in N. This set is also identified with E^{−1}(0). We need the following claim.

Claim 2. The inclusion N −→ P (M, N, N) is (m − 2k)-connected.

Proof of Claim (2): As noted in Section 1.2, the critical points of E in P (M, N, N) are the geodesics starting and ending orthogonally to N.

Assume that γ ∈ P (M, N, N) is a non-trivial critical point, i.e. not a constant path. We will estimate the index of such a non-trivial critical point. Let W ∈ T_γ P (M, N, N) be a smooth parallel vector field along γ. Then we have 1 2 E_{∗∗}(W, W ) = −

∫_1 0 ⟨W, R(γ̇ , W )γ̇ ⟩dt.

Since the sectional curvature is assumed to be positive, E_{∗∗}(W, W ) < 0 for such a W .

A parallel vector field along a critical point γ ∈ P (M, N, N) which satisfies W (0) ∈ T_{γ(0)}N and W (1) ∈ T_{γ(1)}N is orthogonal to γ̇(t) for all t ∈ [0, 1]. Using this fact, we see that we can estimate the index of a non-trivial critical point by estimating the number of linearly independent smooth parallel vector fields along γ and orthogonal to γ̇. Since W (0) ∈ T_{γ(0)}N and W (1) ∈ T_{γ(1)}N and the codimension of N is k, the number of linearly independent smooth parallel vector fields along γ and orthogonal to γ̇ is m − 1 − (k − 1) − (k − 1) = m − 2k + 1.

We must construct a variation of γ with W as variation vector field and with the endpoints in N. Such a variation with W as variation vector field is given by α(t, s) = exp_{γ(t)}(sW (t)). Since N is totally geodesic the curves α(o, s) and α(1, s) are geodesics in N which means the endpoints of the variation are in N as desired. Hence the index of a non-trivial critical point is at least m − 2k + 1.

From Theorem 1.25 we know that E^′ is a smooth and proper map and since the set E^{′−1}(0) = N is a manifold Proposition 1.26 implies that for every c with P_c(M, N, N) ≠ ∅ the relative homotopy groups π_i(B^k_c (M, N, N), N) = 0, for i ≤ m − 2k, since the index of the critical points of E are the same as the index of the critical points of E^′ which are ≥ m − 2k + 1. This means that up to homotopy B^k_c (M, N, N) is obtained from N by attaching cells of dimension at least m − 2k + 1. From Theorem 1.25 we also know that there is a homotopy equivalence between B^k_c (M, N, N) and P_{<c}(M, N, N). This means that for all c with P_c(M, N, N) ≠ ∅ P_{<c}(M, N, N) is homotopy equivalent to a relative CW-complex N ∪ e^1 ∪ e^2 ∪ · · · where the dimension of e^i is at least m − 2k + 1. Of course, for c small enough it is possible that there are no critical values between 0 and c. In that case we do not attach any cells.

Let c_0 < c_1 < c_2 < · · · be a sequence of positive real numbers with lim_{i−→∞} c_i = ∞ and such that for all i the set P_{ci} (M, N, N) ≠ ∅. Consider the directed system {P_{<ci} (M, N, N)} with union P (M, N, N). The space P (M, N, N) is paracompact since it is a metric space, see [MS, Theorem of A. H. Stone], and every point of P (M, N, N) lies in the interior of some P_{<ci} (M, N, N). Hence [M, Example A1] implies that P (M, N, N) is the homotopy direct limit of {P_{<ci} (M, N, N)}. Since P_{<ci} (M, N, N) is homotopy equivalent to a relative CW-complex K_i = N ∪ e^{i0} ∪ e^{i1} ∪ · · · where the dimension of e^{ij} is at least m − 2k + 1 we have an increasing sequence of relative CW-complexes K_0 ⊂ K_1 ⊂ K_2 ⊂ · · ·. Let K be the union of the K_i’s. [M, Example A2] implies that K is the homotopy direct limit of the sequence {K_i}. As all the CW-complexes K_i are obtained from N by attaching cells of dimension at least m − 2k + 1, K is also obtained from N by attaching cells of dimension at least m − 2k + 1. For all i, the vertical maps in the diagram

are homotopy equivalences. Theorem 1.14 now implies that the map P (M, N, N) −→ K is a homotopy equivalence. This means that the relative homotopy groups

π_i(P (M, N, N), N) = 0 for i ≤ m − 2k.

Since M is path connected, P (M, N, N) is also path connected. As the space P (M, N, N) can be obtained from N by attaching cells of dimension at least m − 2k + 1, it follows that N is also path connected, since m − 2k + 1 ≥ 1 and since gluing cells of dimension at least one does not change the number of connected components. Hence the inclusion i: N −→ P (M, N, N) induces a bijection i_∗ : π_0(N) −→ π_0(P (M, N, N)).

By considering the long exact sequence

for the pair (P (M, N, N), N) it follows from the fact that π_i(P (M, N, N), N) = 0, for i ≤ m − 2k that the inclusion induces an isomorphism i_∗ : π_i(N) −→ π_i(P (M, N, N)) for 0 < i < m−2k −1 and that the map i_∗ : π_{m−2k}(N) −→ π_{m−2k}(P (M, N, N)) is a surjection. Hence the inclusion i: N −→ P (M, N, N) is (m − 2k)-connected. △

Claim 3. There is an isomorphism π_i(P (M, N, N), N) ∼= π_{i+1}(M, N).

Assuming this claim we can now finish the proof of (1). The inclusion induces a bijection i_∗ : π_0(N) −→ π_0(M), since both N and M are path connected. Since π_i(P (M, N, N), N) = 0, for i ≤ m − 2k it follows from Claim 3 that π_i(M, N) = 0, for i ≤ m − 2k + 1. The long exact homotopy sequence for the pair (M, N) implies that the map i_∗ : π_i(N) −→ π_i(M) is an isomorphism for 0 < i < m − 2k + 1 and induces a surjection on the (m − 2k + 1)th homotopy group. This finishes the proof of (1).

Proof of Claim (3): There is a bijection between the set of maps (D_i, S^{i−1}) −→ (M, N) and the set of maps (D_{i−1}, S^{i−2}) −→ (P (M, N, N), P (N)). This clearly implies that there is an isomorphism π_i(M, N) ∼= π_{i−1}(P (M, N, N), P (N)). Since P (N) is canonically homotopy equivalent to N by truncating the paths to their start point the two long exact homotopy sequences for the pairs (P (M, N, N), P (N)) and (P (M, N, N), N) and the five lemma implies that π_i(P (M, N, N), P (N)) ∼= π_i(P (M, N, N), N). Combining the two isomorphisms we get the desired result. △

(2) Notice first that it is clear that N_1 ∩ N_2 is a compact totally geodesic submanifold. By considering the space P (M, N_1, N_2) and noticing that N_1 ∩ N_2 = E^{−1}(0) an argument similar to the argument in the proof of Claim 2 above yields that the inclusion i: N_1 ∩ N_2 −→ P (M, N_1, N_2) is (m − k_1 − k_2)-connected.

Consider now the space P (M, M, N_2) of curves starting in M and ending in N_2. To finish the proof of (2) we need the following claim.

Claim 4. The map i: P (M, N_1, N_2) −→ P (M, M, N_2) is (m − 2k_1 + 1)-connected.

We can now finish the proof of (2). The map i: N_1 ∩N_2 −→ P (M, N_1, N_2) is (m−k_1 −k_2)- connected and by Claim 4 the map i: P (M, N_1, N_2) −→ P (M, M, N_2) is (m − 2k_1 + 1)- connected. Hence the composition N_1 ∩ N_2 −→ P (M, M, N_2) is (m − k_1 − k_2)-connected as k_2 ≥ k_1. The space P (M, M, N_2) is homotopy equivalent to N_2 by truncating the paths to their endpoint, hence we see that i: N_1 ∩ N_2 −→ N_2 is (m − k_1 − k_2)-connected, which finishes the proof of (2).

Proof of Claim (4): We will see that the fact that i: N_1 −→ M is (m − 2k_1 + 1)-connected implies the claim. We will first show that for a given base point in p_1 ∈ N_1 we have the fibration ev_0 : P (M, M, N_2) −→ M given by evaluating the curves at their start point. The fibre of this fibration is P (M, p, N_2). The inclusion i: N_1 −→ M gives rise to a pull-back fibration

The spaces P (M, M, N_2) and P (M, N_1, N_2) are path connected, since M is path connected. Hence the inclusion induces a bijection i_∗ : π_0(P (M, N_1, N_2) −→ π_0(P (M, M, N_2).

Since the map i: N_1 −→ M is (m − 2k_1 + 1)-connected and the fibres of the two fibrations are equal an easy application of the long exact homotopy sequence for the two fibrations together with the five lemma implies that i_∗ : π_i(P (M, N_1, N_2) −→ π_i(P (M, M, N_2) is an isomorphism for 0 < i < m − 2k_1 and a surjection for i = m − 2k_1 + 1.

We will now show that ev_0 : P (M, M, N_2) −→ M is in fact a fibration. Let s be the homotopy variable. Let A be a topological space and consider the following diagram

The curves end in N_2 thus g̃_0(a, 1) ∈ N_2. g̃_0 lifts g_0 that is g(a, 0) = ev_0(g̃(a, t)) = g̃(a, 0). We have to find a homotopy g̃_s : A × I_s −→ P (M, M, N_2) of g̃_0 that lifts g_s, that is a map g̃ : A × I × I −→ M such that ev_0(g̃) = g̃(a, 0, s) = g(a, s) and g̃(a, t, 0) = g̃_0. The curves end in N_2 hence g̃(a, 1, s) ∈ N_2. Define the image of g̃ on I × I to be the inverse image of the projection from the point ∗ on to the three axis.

△ This ends the proof of the theorem. □

Remark. Let M and N be as in Theorem 1.30. Let G be a Lie group acting on M by isometries and assume that N is fixed pointwise by the action of G. Then the inclusion i: N −→ M is (m − 2k + 1 + δ(G))-connected where δ(G) is the dimension of the principal orbit. The proof can be found in [W I, Theorem 1].

The fixed point set of an isometric group action is a totally geodesic submanifold. Theorem 1.30 turns out to be a very powerful tool to examine isometric group actions on manifolds. We will, however, not deal with group actions here. △

We have an easy corollary of Theorem 1.30.

Corollary 1.31. Let the assumptions be as in Theorem 1.30. If M has positive lth Ricci curvature then the map in (1) is (m − 2k + 2 − l)-connected and the map in (2) is (m − k_1 − k_2 + 1 − l)-connected.

Proof: The only place in the proof where the curvature assumption is used is in the estimation of the indices. An easy argument similar to the one given in the proof of Proposition 2.11 gives the desired estimates on the indices. □ Remark. Frankel’s theorem, Theorem 1.27, follows from Wilking’s Theorem 1.30 since part (2) of that theorem implies that the inclusion i: N_1 ∩ N_2 −→ N_2 is 0-connected since k_1 + k_2 ≤ m, hence induces a surjection π_0(N_1 ∩ N_2) −→ π_0(N_2). Since π_0(∅) = ∅ the theorem follows. △ Remark. In the proof of Synge’s theorem, Theorem 1.28, one could also use an approach more similar to the proof of Theorem 1.30. If we consider the loop space of M then we see by the argument in the proof of Synge’s theorem that all nontrivial critical points of E have index ≥ 1. Hence π_0(Ω(M)) = 0 which implies that π_1(M) = 0. △ We will now see what consequences Theorem 1.30 has for the structure of the cohomology ring. This is formulated in the next theorem.

Theorem 1.32. Let M^m be a compact oriented manifold and let N^{m−k} be an embedded compact oriented submanifold. Suppose the inclusion i: N^{m−k} −→ M^m is (m − k − l)- connected and m−k−2l > 0. Let [N] ∈ H_{n−k}(M; Z) be the image of the fundamental class of N in H_∗(M; Z) and let e ∈ H^k(M; Z) be its Poincare dual. Then the homomorphism ∪e: H^i(M; Z) −→ H^{i+k}(M; Z) is surjective for l ≤ i < m − k − l and injective for l < i ≤ m − k − l. Remark. The pull-back of e to H^k(N, Z) is the Euler class of the normal bundle ν(N) of N in M. △ Proof: First we show that the map

∪e: H^i(M; Z) −→ H^{i+k}(M; Z) is given by the composition of the following four maps

Let w ≠ 0 ∈ H^i(M, Z). Using the formulas for ∩ and ∪ we get

P D^{−1}_M (i_∗(P D_N (i^∗(w)))) = P D^{−1}_M (i_∗(i^∗(w) ∩ [N])) = P D^{−1}_M (w ∩ i_∗([N])) and w ∪ e = w ∪ (P D^{−1}_M (i_∗([N]))) = P D^{−1}_M (w ∩ i_∗([N])).

By Theorem 1.11 the maps P D_N and P D^{−1}_M are isomorphisms for all i. By assumption the inclusion i: N −→ M is (m − k − l)-connected. From the proof of [H, Theorem 4.21] this implies that H_i(M, N; Z) = H^i(M, N; Z) = 0 for i ≤ m − k − l. Hence by using the long exact homology sequence for the pair (M, N) we see that the map (1) is an isomorphism for i < m − k − l and injective for i = m − k − l. By a similar argument the map (3) is an isomorphism for l < i and surjective for i = l. □

Remark. We will also need the theorem with the coefficient ring replaced by an arbitrary ring R. The same proof applies, the only difference is that we must require M and N to be R-oriented. △

Chapter 2

The Twisted Path Space of a Manifold

In the previous chapter we generalized slightly the classical Morse Theory on the finite dimensional approximation to the path space of a manifold developed in [M].

We proved the classical theorems of Frankel and Synge and indicated how these theorems follow from the connectedness principle. We also proved a recent theorem by Wilking and investigated its consequences on the cohomology ring of the manifold.

In this chapter we will apply Morse Theory to the twisted path space and in that way derive some new connectedness theorems, developed by Fang, Mendonca and Rong, see [FMR]. We will formulate connectedness theorems in terms of the so called asymptotic index (to be defined below) of an isometric immersion. We will prove generalizations of Frankel and Wilking’s theorems and show that under certain conditions an isometric immersion must be an embedding.

In this chapter, we assume that M and N, N_1, N_2 are compact and path connected Riemannian manifolds.

2.1 Construction of The Twisted Path Space

The following construction works for f an arbitrary smooth map, but the main application is where f : N −→ M × M an isometric immersion.

We start with the following basic lemma. As before, we let P (M) be the path space of M. Lemma 2.1. Let p: P (M) −→ M × M be the projection given by p(γ) = (γ(0), γ(1)). Then the map p: P (M) −→ M × M is a (Hurewicz) fibration with homotopy fibre the loop space Ω(M) of M.

Proof: The fibre p^{−1}(p, q) of p is the set of curves from p to q and is homotopy equivalent to the loop space Ω(M) based at p by moving the endpoints of the curves along a curve from p to q. This is possible since M is path connected.

Since both {0, 1} and [0, 1] are CW complexes the inclusion i: {0, 1} −→ [0, 1] is a cofibration. It follows from [B I, 6.13] that the induced map

Map([0, 1], M) −→ Map({0, 1}, M) = M × M

is a fibration. □

We can now define the twisted path space P (M, f) of M with respect to f.

Definition 2.2. The twisted path space P (M, f) is the pull-back of the fibration p by the map f : N −→ M ×M. The space P (M, f) is given the induced topology from the product N × P (M). Since the fibres of the fibration and the pull-back fibration are always equal we have a commutative diagram of fibrations

Later we will need the fact that f^∗B^k_c (M) is a smooth submanifold of the product N × B^k_c (M). This is formulated in the following lemma.

Lemma 2.3. Let f : N −→ M × M be a smooth map. Then f^∗B^k_c (M) is a smooth submanifold of N × B^k_c (M).

Proof: Since M is compact and complete it follows from Theorem 1.24 that B^k_c (M) is a smooth manifold. Formally the tangent space of P (M) at a point γ is the set

T_γ P (M) = {W | W piecewise smooth vector fields along γ}.

The differential of the map p at a point γ is p_∗(W ) = (W (0), W (1)). By choosing small enough geodesic neighbourhoods around γ(0) and γ(1) we can find variations of γ with any given variation vector field. This implies that p_∗ is surjective. Hence p: B^k_c (M) −→ M ×M is a submersion. Furthermore we have f^∗B^k_c (M) = (f × p)^{−1}(Δ), where Δ is the diagonal submanifold in M × M × M × M. Since p is a submersion f × p is transversal to Δ. It is then a fact see [G I, Example 16.2] which we do not prove that f^∗B^k_c (M) is a smooth submanifold of N × B^k_c (M). One should add that the reference only deals with vector bundles, however the definition of the pull-back for vector bundles is the same as the one for fibrations, so the result applies here too. □

Notation. We will denote f^∗B^k_c (M) by B^k_c (M, f) and f^∗P_{<c}(M) by P_{<c}(M, f) etc.

2.2. Morse Theory 21

2.2 Morse Theory

Let f : N −→ M × M be an isometric immersion. We start with the following basic definition.

Definition 2.4. Let (x, γ) ∈ P (M, f). The energy of (x, γ) is E(x, γ) =

∫_1 0 |γ̇|^2dt

Definition 2.5. Formally, the tangent space of P (M, f) at a point (x, γ) is the set

T_{(x,γ)}P (M, f) = {(v, W ) | v ∈ T_xN, W ∈ T_γ P (M); f_∗(v) = (W (0), W (1))}.

The last condition comes from the fact that f(x) = (γ(0), γ(1)) in the definition of the pull-back. The tangent space T_{(x,γ)}P (M, f) can be identified with the set {(W (0), W (1))} since f is an immersion.

Remark. Since the pull-back P (M, f) is a subset of N × P (M) and the energy function only depends on the P (M) factor the first and second variation formulas are the same as the ones stated in Section 1.2. △

The critical points of E are easy to calculate. We formulate that in the following lemma.

Lemma 2.6. The (non-trivial) critical points of E in P (M, f) are the points (x, γ) where γ is a smooth geodesic with (γ̇ (0), −γ̇ (1)) ⊥ f_∗T_xN.

Proof: Let W ∈ T_{(x,γ)}P (M, f). The first variation formula is 1 2 E_∗(W ) = ⟨W, γ̇⟩|^1_0 − ∑ t_i

⟨W (t), Δ_{ti}γ̇ (t_i)⟩ −

∫_1 0 ⟨ W, Dγ̇ dt ⟩ dt,

where the sum is over all break points of γ and Δ_{ti}γ̇ = lim_{t−→t}+_i γ̇ (t) − lim_{t−→t}−_i γ̇(t). For this to be zero for all W it is clearly necessary that γ is a smooth geodesic.

We consider the geodesic γ as the geodesic (γ(t), γ(1−t)) in the product M ×M. Under this identification the term ⟨W, γ̇⟩|^1_0 becomes ⟨(W (0), W (1)), (γ̇ (0), −γ̇(1))⟩. For E_∗(W ) to be zero (W (0), W (1)) must be perpendicular to (γ̇ (0), −γ̇ (1)). Since f_∗(v) = (W (0), W (1)) for all v ∈ T_xN, we see that E_∗(W ) = 0 if and only if γ is a smooth geodesic and f_∗(T_xN) ⊥ (γ̇ (0), −γ̇ (1)). □

We wish to do Morse Theory on the space P (M, f). To be able to do that we will follow the approach used earlier and for a fixed c > 0 with P_c(M, f) ≠ ∅ approximate P_{<c}(M, f) up to homotopy by a finite dimensional manifold. We will approximate P_{<c}(M, f) with the smooth manifold B^k_c (M, f). However for that to work we must prove a theorem analogous to Theorem 1.25.

Theorem 2.7. E^′ = E_{|B}k_{c (M,f)} : B^k_c (M, f) −→ [0, c) is a smooth map and for each a < c the set E^{′−1}([0, a]) = B_a(M, f) is compact (E^′ is proper). B_a(M, f) and is a deformation retract of the corresponding set P_a(M, f) and B^k_c (M, f) is a deformation retract of P_{<c}(M, f). Furthermore the critical points of E^′ are the same as the critical points of E in B^k_c (M, f). The index of the Hessian of E^′ at a critical point (x, γ) is the same as the index of E_{∗∗} at (x, γ).

Proof: Recall that B^k_c (M, f) = {(x, γ) ∈ N × B^k_c (M) | f(x) = (γ(0), γ(1))}. Since M is compact and complete we can use the set-up in Section 1.2 for P (M). It is clear that E^′ is a smooth map since it is the composition of the projection onto the second factor and the energy function E^′ : B^k_c (M) −→ [0, c) which is smooth. Since the energy function E^′ : B^k_c (M) −→ [0, c) is proper and N is compact, E^′ is proper.

We have to see that there is a homotopy equivalence (deformation retraction) between the sets P_{<c}(M, f) and B^k_c (M, f). We will merely copy the proof given in [M, Theorem 16.2]. Let (x, ω) ∈ P_{<c}(M, f) and (x, τ) ∈ B^k_c (M, f). We will define a deformation retraction r : P_{<c}(M, f) −→ B^k_c (M, f) such that r(x, ω) = (x, τ). The curves both satisfy f(x) = (τ(0), τ(1)) = (ω(0), ω(1)). The retraction is the identity on the first factor. Since the curves have the same start and end points we can use the retraction given in [M, proof of Theorem 16.2] on the second factor. For a < c this also gives the desired deformation retract of P_a(M, f) on to B_a(M, f).

Since the critical points of E in P_{<c}(M, f) are points (x, γ) where γ is a geodesics it is clear that E and E^′ have the same critical points. The argument that the indices are the same goes as in [M, proof of Theorem 16.2]. □

Remark. We note that the set E^{−1}(0) ⊆ P (M, f) is the set {(x, γ) | f(x) = γ(t) ∀t}. This set is naturally identified with f^{−1}(Δ), where Δ ⊂ M × M is the diagonal submanifold.△

2.3 The Main Theorem and an Index Estimate

In this subsection we give a proof of the main theorem in [FMR]. For the proof of that theorem we need the following technical proposition.

Proposition 2.8. Let M, N be as above and let f : N −→ M ×M be an isometric immersion. Let S = {(x, f(x), . . . , f(x)) | x ∈ f^{−1}(Δ)}. Then S is a deformation retract of an open neighbourhood in N × (M × M) × · · · × (M × M) if one of the following conditions are satisfied

1. f is minimal,

2. N = N_1 × N_1 and f = f_1 × f_1 where f_1 : N_1 −→ M is an embedding.

Proof: [FMR, Proposition 1.3]. □

We will now prove the main theorem of this section, see [FMR].

Theorem 2.9. Let N, M be as above and let f : N −→ M × M be an isometric immersion. Assume that every nontrivial critical point of E : P (M, f) −→ R has index ≥ λ. Then

1. if λ ≥ 1 then f^{−1}(Δ) ≠ ∅

2. if λ ≥ 2 and M is simply connected then f^{−1}(Δ) is path connected.

If, in addition, f satisfies one of the conditions in Proposition 2.8 then

3. π_i(P (M, f), f^{−1}(Δ)) = 0 for all i < λ.

4. there is an exact sequence of homotopy groups

where i < λ. The map ∂ is given by (p_1f)_∗ − (p_2f)_∗ where p_1, p_2 are the projections of M × M onto the first and second factor, respectively.

Remark. (3) and (4) are not interesting if λ = 0. We will therefore assume that λ ≥ 1 △

Proof: (1) If f^{−1}(Δ) = E^{−1}(0) = ∅ then E would have a minimum at some non-trivial critical point (x, γ). Hence the index of E at that point is zero, a contradiction to the assumption that every non-trivial critical point has index ≥ 1.

(2) Assume that f^{−1}(Δ) is not path connected, that is f^{−1}(Δ) = A ∪ B where A ∩ B = ∅ and A, B closed. As above, we identify f^{−1}(Δ) = E^{−1}(0) ⊆ P (M, f).

We first show that M simply connected implies that P (M, f) is path connected. We note that π : P (M, f) −→ N is a fibration and as such has the homotopy lifting property with respect to any topological space X. We will use this property for X = ∗. Since π_i(Ω(M)) = π_{i+1}(M) the fact that M is simply connected implies that Ω(M) is path connected. Let p̃, q̃ ∈ P (M, f) with π(p̃) = p and π(q̃) = q. Since N is path connected we can choose a curve γ connecting p and q in N. Regard that map as a homotopy γ : ∗ ×I −→ N. Lift γ to a curve in P (M, f) connecting the two fibres π^{−1}(p) and π^{−1}(q). Since the fibres are path connected we get a curve from p̃ to q̃.

Let p ∈ A and q ∈ B. As P (M, f) is path connected we connect p and q with a curve in P (M, f). Since the unit interval is compact we can find a c > 0 such that every point of γ has energy less that c. We can assume that γ is a curve connecting p and q in B^k_c (M, f). Denote that curve γ. B^k_c (M, f) is a submanifold of the product N × M × · · · × M and we endow B^k_c (M, f) with the induced metric from that product. In order to finish the proof we need the following claim.

Claim 5. There exists a sequence of curves {γ_k}^∞_{k=1} with γ_k ∈ E^{−1}([0, 1/k]) such that γ_k(0) = p and γ_k(1) = q. Furthermore γ_k is in the same homotopy class as γ for all k.

We can now finish the proof of (2). Let d_Bk_{c (M,f)} denote the distance associated with the Riemannian metric on B^k_c (M, f). Define a continuous function μ by μ(σ) = d_Bk_{c (M,f)}(σ, A)− d_Bk_{c (M,f)}(σ, B). By restricting μ to γ_k one get μ(p) < 0 and μ(q) > 0. Hence by continuity there exists a τ_k ∈ γ_k such that μ(τ_k) = 0. By compactness and the Bolzano-Weierstrass property there is a converging subsequence so we can assume that τ_k −→ τ. Note also that by continuity μ(τ) = 0. Every point of γ_k has energy less than 1/k that is E(τ_k) ≤ 1/k. Since E is continuous E(τ) = 0. Now τ ∈ E^{−1}(0) and μ(τ) = 0 which implies that τ ∈ A ∩ B a contradiction.

A perhaps more natural argument is to say that all sublevels E([0, 1/k]) are path connected and the intersection of all sublevels is f^{−1}(Δ) which is then also path connected. The proof of this is the same as the proof given above.

Proof of Claim (5): By [M, Corollary 6.8] we can choose a Morse function Ẽ such that |E − Ẽ| ≤ 1/10k on the compact sublevel {σ ∈ B^k_c (M, f)) | Ẽ(σ) ≤ c +^1_2 } and such that all critical points of E in the set Ẽ([1/2k, c +^1_2 ]) has index at least 2. By Morse Theory Ẽ−1((−∞, 1/2k]) is homotopy equivalent to Ẽ−1((−∞, c+^1_2 ]) by gluing cells of dimension at least 2. This implies that π_1(Ẽ^{−1}((−∞, c +^1_2 ]), Ẽ^{−1}(−∞, (1/2k])) = 0. By using the long exact sequence for the pair (Ẽ^{−1}((−∞, c +^1_2 ]), Ẽ^{−1}(−∞, (1/2k])), we see that the induced map

i_∗ : π_1(Ẽ^{−1}((−∞, 1/2k])) −→ π_1(Ẽ^{−1}((−∞, c +^1_2 ]))

is surjective. This means that γ is homotopic to a map γ_k keeping endpoints fixed. Away from the critical points the homotopy is given by moving γ along the flow lines of Ẽ. △

(3) The following argument is analogous to the argument in Theorem 1.30 Claim 2. We will give the argument again to emphasize the similarities.

If we had known that f^{−1}(Δ) is a manifold this would have followed from Proposition 1.26 without any restrictions on f. However that need not be true, so we have to use Proposition 1.26 together with Proposition 2.8. According to Theorem 2.7 we pick a c > 0 such that P_c(M, f) ≠ ∅ and approximate P_c(M, f) up to homotopy by the manifold B^k_c (M, f). We have to see that f^{−1}(Δ) has an open neighbourhood U ⊆ B^k_c (M, f) such that f^{−1}(Δ) is a retract of U. As before B^k_c (M, f) is identified with an open submanifold of N × M × · · · × M with k even (if not add an extra breakpoint). Let S be the set S = {(x, f(x), . . . , f(x)) | x ∈ f^{−1}(Δ)}. The map x −→ (x, f(x), · · · , f(x)) and (x, f(x), · · · , f(x)) −→ x gives a diffeomorphism between the set S and f^{−1}(Δ). Hence the existence of the desired neighbourhood follows from Proposition 2.8.

By Proposition 1.26 π_i(B^k_c (M, f), f^{−1}(Δ)) = 0 for all i < λ, since by Theorem 2.7 E^′ is smooth and proper on the set B^k_c (M, f) and since the index of the critical points of E are the same as the index of the critical points of E^′. This means that up to homotopy B^k_c (M, f) is obtained from f^{−1}(Δ) by attaching cells of dimension at least λ. From Theorem 2.7 we know that there is a homotopy equivalence between B^k_c (M, f) and P_{<c}(M, f). This means that for all c with P_c(M, f) ≠ ∅ P_{<c}(M, f) is homotopy equivalent to a relative CW-complex f^{−1}(Δ) ∪ e^1 ∪ e^2 ∪ · · · where the dimension of e^i is at least λ. For c small enough it is possible that there are no critical values between 0 and c. In that case we do not attach any cells.

Let c_0 < c_1 < c_2 < · · · be a sequence of positive real numbers with lim_{i−→∞} c_i = ∞ and such that for all i the set P_{ci} (M, f) ≠ ∅. Consider the directed system {P_{<ci} (M, f)} with union P (M, f). The space P (M, f) is paracompact since it is a metric space, see [MS, Theorem of A. H. Stone], and every point of P (M, f) lies in the interior of some P_{<ci} (M, f). Hence [M, Example A1] implies that P (M, f) is the homotopy direct limit of {P_{<ci} (M, f)}. Since P_{<ci} (M, f) is homotopy equivalent to a relative CW-complex K_i = f^{−1}(Δ) ∪ e^{i0} ∪ e^{i1} ∪ · · · where the dimension of e^{ij} is at least λ, we have an increasing sequence of CW-complexes K_0 ⊂ K_1 ⊂ K_2 ⊂ · · ·. Let K be the union of the K_i’s. [M, Example A2] implies that K is the homotopy direct limit of the sequence {K_i}. As all the CW-complexes K_i are obtained from f^{−1}(Δ) by attaching cells of dimension at least λ, K is also obtained from f^{−1}(Δ) by attaching cells of dimension at least λ. Since for all i the maps P_{<ci} (M, f) −→ K_i are homotopy equivalences, Theorem 1.14 implies that the map P (M, f) −→ K is a homotopy equivalence. This means that the relative homotopy groups

π_i(P (M, f), f^{−1}(Δ)) = 0 for i < λ.

(4) By the proof of (3), f^{−1}(Δ) can be obtained from P (M, f) by gluing cells of dimension at least λ ≥ 1. The sets f^{−1}(Δ) and P (M, f) have the same number of path connected components, since gluing cells of dimension greater than one does not change the number of path connected components. Hence the inclusion induces a bijection i_∗ : π_0(f^{−1}(Δ)) −→ π_0(P (M, f)). From (3) we know that π_i(P (M, f), f^{−1}(Δ)) = 0 for all i < λ. By the long exact sequence for the pair (P (M, f), f^{−1}(Δ)) this is the same as π_i(P (M, f)) ∼= π_i(f^{−1}(Δ)) for i < λ − 1 and that the induced map π_i(f^{−1}(Δ)) −→ π_i(P (M, f)) is a surjection for i = λ − 1.

The commutative diagram of fibrations in Definition 2.2 gives rise to two exact sequences where all the squares commute

Using the fact that π_i(Ω(M)) = π_{i+1}(M) we get another two exact sequences

Exactness of the sequence

for i < λ − 1 at the second and the fourth arrow follows from the previous diagram and the fact that π_i(P (M, f)) ∼= π_i(f^{−1}(Δ)) for i < λ − 1. For i = λ − 1 the exactness of the above sequence follows from the fact that the induced map π_i(f^{−1}(Δ)) −→ π_i(P (M, f)) is surjective. Note that since f^{−1}(Δ) ⊂ P (M, f) the map π_i(M) −→ π_{i−1}(P (M, f)) restricts to a map π_i(M) −→ π_{i−1}(f^{−1}(Δ)).

The main point is therefore to see that ∂ = (p_1f)_∗ − (p_2f)_∗. Since ∂ = ~∂ f_∗ it is enough to show that ~∂ is given by p_{1∗} − p_{2∗}. Consider the commutative diagram

where as before p(γ) = (γ(0), γ(1)). The map i: M −→ P (M) is given by p −→ γ(t) ≡ p for all t ∈ [0, 1]. The composition p ∘ i: M −→ M × M is given by p −→ (p, p). Hence φ(p) = (p, p). Using the fact that π_i(M × M) is canonically isomorphic to π_i(M) ⊕ π_i(M) we get a short exact sequence

Since the sequence is exact, the map proj_∗ : π_i(M)⊕π_i(M) −→ π_i(M) is given by p_{1∗} −p_{2∗} which proves (4). This ends the proof of the theorem. □

We wish to express the index of a critical point (x, γ) ∈ P (M, f) in terms of the asymptotic index ν_f of the isometric immersion f. In order to do this we must see that the second variation formula of E can be rewritten so that the second fundamental form II^′ of f enters the formula. This is done in the following lemma.

Lemma 2.10. Let E, f and P (M, f) be as above. Let (x, γ) be a critical point of E. Let (v, W ) be a tangent vector of P (M, f) at (x, γ) with W a smooth and parallel vector field along γ. Then 1 2 E_{∗∗}(W, W ) = −

∫_1 0 ⟨R(γ̇ , W )γ̇ , W ⟩dt + ⟨II^′(f_∗(v), f_∗(v)), (γ̇ (0), −γ̇ (1))⟩.

Proof: Recall that (W (0), W (1)) = f_∗(v) for (v, W ) ∈ T_{(x,γ)}P (M, f). The second variation of E is given by 1 2 E_{∗∗}(W, W ) = − ∑ t_i ⟨ W (t_i), Δ_{ti} DW dt ⟩ − ∫_1 o ⟨ W, D^2W dt^2

+ R(γ̇ , W )γ̇ ⟩ dt.

Since W is parallel the term D^2W /dt^2 vanishes. The term − ∑ t_i ⟨W (ti), Δti (DW /dt)⟩ is

only nonzero for t_i = 0, 1 since W is smooth. By regarding γ as a geodesic (γ(t), γ(1 − t)) in the product M × M we get − ⟨ W (0), DW dt (0) ⟩ − ⟨ W (1), DW dt (1) ⟩ = ⟨(W (0), W (1)), ∇_{γ̇} (W (0), W (1))⟩,

where ∇_{γ̇} is covariant derivation with respect to the geodesic (γ(t), γ(1−t)). By symmetry of the connection we have

⟨(W (0), W (1)), ∇_{γ̇} (W (0), W (1))⟩ = ⟨(W (0), W (1)), ∇_{(W (0),W (1))}(γ̇ (0), −γ̇ (1))⟩.

By using the definition of II^′ and the fact that (W (0), W (1)) = f_∗(v) we get

⟨(W (0), W (1)), ∇_{(W (0),W (1))}(γ̇(0), −γ̇ (1))⟩ = ⟨II^′(f_∗(v), f_∗(v)), (γ̇(0), −γ̇ (1))⟩,

which proves the lemma. □

Using this formula for E_{∗∗} we can now formulate the relation between the index of a non-trivial critical point and the asymptotic index of the isometric immersion f.

Proposition 2.11. Assume that M^m has positive lth Ricci curvature and let E , f and P (M, f) be as above. Let (x, γ) be a critical point of E in P (M, f) and let λ be the index of (x, γ) as a critical point. Then

1. λ ≥ ν_f − m − l + 1.

2. If f = f_1 × f_2 : N_1 × N_2 −→ M × M where f_i : N_i −→ M is an immersion then λ ≥ ν_f − m − l + 2.

Proof: (1) Let V denote the vector space of parallel vector fields along γ and perpendicular to γ̇ . Clearly V can be identified with the set {(W (0), W (1)) | W ∈ V } and is as such a subspace of T_{f(x)}M × M, f(x) = (γ(0), γ(1)). (actually V is determined by the value of the vector fields at t = 0 by parallel translation, but we need the value at both t = 0 and t = 1 for the rest of the argument). Since V is orthogonal to γ̇ we see, using the above identification, that V is orthogonal to (γ̇ (0), −γ̇ (1)).

Define a symmetric quadratic form A on V by ⟨A(v), v⟩ = −

∫_1 0 ⟨R(γ̇ , W )γ̇ , W ⟩dt where v = (W (0), W (1)) and ⟨−, −⟩ is the inner product induced from the standard metric on T_{f(x)}M × M. Let V_1 be a subspace of V of maximal dimension such that A_{|V1} is negative definite. Regard V_1 as a subspace of T_{f(x)}M × M.

Let N_x denote the maximal subspace of T_xN such that II_{|Nx} = 0. Since (x, γ) is a critical point f_∗(T_xN) is orthogonal to (γ̇ (0), −γ̇ (1)), hence f_∗(N_x) is orthogonal to (γ̇ (0), −γ̇ (1)).

We have E_{∗∗}(W, W ) = ⟨A(v), v⟩ < 0 for all v ∈ f_∗(N_x) ∩ V_1. Since f is an immersion we can estimate the dimension of f_∗(N_x) ∩ V_1 as follows dim(f_∗(N_x) ∩ V_1 ≥ ν_f (x) + dim V_1 − 2m + 1.

We conclude the proof of (1) by showing that dim V_1 ≥ m−l. Under the identification of V with {(W (0), W (1)) | W ∈ V } pick an orthonormal basis {v_1, . . . , v_{m−1}} of V consisting of eigenvectors of the quadratic form A. By using the assumption that M has positive lth Ricci curvature we get l∑ i=1 ⟨A(v_i), v_i⟩ = l∑ i=1 − ∫_1 0 ⟨R(γ̇, v_i)γ̇ , v_i⟩dt = −

∫_1 0 l∑ i=1 ⟨R(γ̇ , v_i)γ̇ , v_i⟩dt < 0.

This implies that there exists an i such that ⟨A(v_i), v_i⟩ < 0. Assume without loss of generality that i = 1. Similarly

∑_{l+1}

i=2⟨A(v_i), v_i⟩ < 0 so again there exists an i such that ⟨A(v_i), v_i⟩ < 0. Assume i = 2. Continue like this until we have picked {v_1, . . . , v_{m−l}} such that ⟨A(v_i), v_i⟩ < 0 for all i = 1, . . . , m − l. This implies that ⟨A(v), v⟩ < 0 for all v ∈ span{v_1, . . . , v_{m−l}} proving that dim V_1 ≥ m − l. Since this is true for an arbitrary x we have proved (1).

(2) Let f = f_1 × f_2 : N_1 × N_2 −→ M × M where f_i : N_i −→ M is an immersion. Let (x, γ) x = (x_1, x_2) be a critical point. Since (x, γ) is a critical point f_∗(T_xN) is perpendicular to (γ(0), −γ(1)). Hence γ is a geodesic such that f_{1∗}(T_xN_1) is perpendicular to γ̇(0) and f_{2∗}(T_xN_2) is perpendicular to γ̇ (1). This implies that the linearly independent vectors (γ̇(0), 0) and (γ(1), 0) are both perpendicular to f_∗(T_xN) and V_1. Hence by using the proof of (1) we get dim(f_∗(T_xN) ∩ V_1) ≥ ν_f (x) + dim(V_1) − 2m + 2. The proof is finished in the same way as in (1). □

An immediate consequence of Theorem 2.9 and Proposition 2.11 is the following.

Corollary 2.12. Let M^m be a simply connected manifold of positive sectional curvature. Let f : N^n −→ M^m be an isometric immersion. Then, if ν_f > m/2, f must be an embedding.

Proof: Since f is an immersion it is enough to show that f is a one-to-one map. Consider the map f_1 = f × f : N × N −→ M × M. Theorem 2.9 (2) together with Proposition 2.11 (2) implies that f^{−1}_1 (Δ) is path connected for ν_{f1} = 2ν_f > m and hence ν_f > m/2. If f is not injective, f^{−1}_1 (Δ) is not path connected, a contradiction. □

As another consequence of Theorem 2.9 and Proposition 2.11 we also state a slightly more general version of Frankel’s theorem where the theorem is formulated in terms of isometric immersions and the asymptotic index.

Proposition 2.13. Assume that M^m has positive sectional curvature. Let f_i : N_i −→ M i = 1, 2 be an isometric immersion with asymptotic index ν_{fi} . If ν_{f1} + ν_{f2} ≥ m then f_1(N_1) ∩ f_2(N_2) ≠ ∅.

Proof: Consider the isometric immersion f = f_1 ×f_2 : N_1 ×N_2 −→ M ×M. By Theorem 2.9 (1) and Proposition 2.11 (2) for l = 1 we know that f^{−1}(Δ) ≠ ∅ as ν_f = ν_{f1} + ν_{f2} ≥ m. This clearly implies that f_1(N_1) ∩ f_2(N_2) ≠ ∅. □

2.4 A Generalization of Wilking’s Theorem

In this section we will prove a generalization of Theorem 1.30. We will first state the theorems and lemmas under the assumption that M has positive sectional curvature. We will then indicate the few necessary changes in the proofs to generalize the statements to the case where M has positive lth Ricci curvature.

Theorem 2.14. Assume that M^m has positive sectional curvature. Let N_i, i = 1, 2 be embedded submanifolds with asymptotic index ν_i. Then

1. the inclusion i_i : N_i −→ M is (2ν_i − m + 1)-connected.

2. if N_i are both minimal (the inclusion is minimal) then i: N_1 ∩ N_2 −→ N_1 is (ν_1 + ν_2 − m)-connected.

Remark. Remember, that M is compact follows from the fact that M has positive sectional curvature. △

Remark. If N_i is a totally geodesic embedded submanifold then ν_i = dim N_i and since 2ν_i = 2(dim M − codim N) we get 2ν_2 − m + 1 = m − 2 codim N_i + 1 which is exactly the statement in Theorem 1.30 (1). Since a totally geodesic embedding is also a minimal immersion we see that Theorem 1.30 (2) also follows from Theorem 2.14 (2). △

For the proof of this theorem we need a couple of lemmas.

Lemma 2.15. Assume that M^m has positive sectional curvature. Let f = f_1 × f_2 : N = N_1 × N_2 −→ M × M be an isometric immersion and let ν_f be the asymptotic index of f. Assume either that the map f is a minimal immersion or N_1 = N_2 and f = f_1 × f_1, with f_1 : N_1 −→ M an embedding. Then there are natural isomorphisms (bijections for i = 1)

π_i(N_1, f^{−1}(Δ)) −→ π_i(M, N_2) and π_i(N_2, f^{−1}(Δ)) −→ π_i(M, N_1)

for i ≤ ν_f − m. For i = ν_f − m + 1 the maps are surjections.

Remark. Since f^{−1}(Δ) is not a subset of N_1 the symbol π_i(N_1, f^{−1}(Δ)) is not a priori meaningful. However there is a general construction which makes it meaningful.

Let f : X −→ Y be a continuous map between topological spaces. Define the mapping cylinder M_f of f as the quotient space of the disjoint union (X × I) ∐ Y obtained by identifying each (x, 1) ∈ X × I with f(x) ∈ Y . The topology on M_f is the quotient topology and M_f is canonically homotopy equivalent to Y . Define π_i(Y, X) = π_i(M_f , X).

This construction is functorial so we get a diagram

We will always write this diagram as

The homotopy groups π_i(N_i, f^{−1}(Δ)) is defined in this way via the map f^{−1}(Δ) −→ N_1 × N_2 −→ N_i where the first map is the inclusion and the last map is the projection on the ith factor. △

Proof (Lemma 2.15): Consider the fibration P (M, f) −→ N_1 × N_2. By composing with the projection onto N_1 we get a fibration P (M, f) −→ N_1 with fibre V . We also have a fibration Ω(M) −→ P (M, ∗) −→ M and a map f_2 : N_2 −→ M. By picking a base point in N_1 and writing the definition of f^∗_2 P (M, ∗) explicitly one easily sees that f^∗_2 P (M, ∗) = V . Hence we get a commutative diagram of fibrations

The fibration Ω(M) −→ V −→ N_2 gives rise to a long exact sequence of homotopy groups which, together with the relative homotopy sequence for the pair (M, N_2) and the fact that π_{i+1}(Ω(M)) = π_i(M) gives a diagram

The five lemma then implies (except for i = 0) that π_i(V ) = π_{i+1}(M, N_2). Using this fact and the long exact homotopy sequence for the fibration V −→ P (M, f) −→ N_2 and the pair (N_1, f^{−1}(Δ)) (the map f^{−1}(Δ) −→ N_1) we get a diagram

Since we have assumed that f is either a minimal immersion or f = f_i × f_i : N = N_i ×N_i −→ M ×M with f_i an embedding we get by Theorem 2.9 (3) and Proposition 2.11 (2) that π_i(P (M, f), f^{−1}(Δ)) = 0 for i < ν_f − m + 1. By using the long exact homotopy sequence for the pair (P (M, f), f^{−1}(Δ)) this is the same as the map

i_∗ : π_i(f^{−1}(Δ)) −→ π_i(P (M, f))

is an isomorphism (bijection for i = 0) for i < ν_f − m and a surjection for i = ν_f − m. Hence by the five lemma we get immediately that f_{1∗} is an isomorphism for i < ν_f − m and a surjection for i = ν_f − m. Using the fact that f_{1∗} is a surjection for i = ν_f − m and the five lemma one can actually see that f_{1∗} is an isomorphism for i = ν_f − m and a surjection for i = ν_f − m + 1.

The second statement follows by switching N_1 and N_2 in the above proof. □

Lemma 2.16. Assume that M^m has positive sectional curvature. Let N_i, i = 1, 2 be embedded submanifolds with asymptotic index ν_i = ν_{ii} . If N_1 and N_2 are minimal or N_1 = N_2 there are natural isomorphisms

π_i(N_1, N_1 ∩ N_2) −→ π_i(M, N_2) and π_i(N_2, N_1 ∩ N_2) −→ π_i(M, N_1)

for i ≤ ν_1 + ν_2 − m. For i = ν_1 + ν_2 − m + 1 the maps are surjections.

Proof: If f = f_1 × f_2 we clearly have ν_f = ν_{f1} + ν_{f2} . It is also clear that f^{−1}(Δ) = N_1 ∩ N_2 If we put f_1 = i_1 and f_2 = i_2 in the previous lemma we get the desired result. □

Proof (Theorem 2.14): The theorem contains no new information if 2ν_i − m + 1 < 1 and ν_1 + ν_2 − m < 0, so assume 2ν_i − m + 1 ≥ 1 and ν_1 + ν_2 − m ≥ 0

(1) The inclusion induces a bijection i_∗ : π_0(N_i) −→ π_0(M), since both N_1, N_2 and M are path connected. Consider the case N_1 = N_2. Since π_i(N_2, N_2) = 0 we get from the previous lemma that π_i(M, N_2) = 0 for i ≤ ν_2 + ν_2 − m + 1 = 2ν_2 − m + 1. Hence the desired result follows from the long exact homotopy sequence for the pair (M, N_2). (2) By Proposition 2.13 N_1 ∩ N_2 ≠ ∅, since ν_1 + ν_2 − m ≥ 0. Since both N_1 and N_2 are path connected, N_1 ∩ N_2 is path connected. Also, since M is path connected the inclusion induces a bijection i_∗ : π_0(N_1 ∩N_2) −→ π_0(N_1). By the previous lemma and (1) we conclude (2). □

Remark. The generalization to positive lth Ricci curvature is easy since the only place the curvature assumption enters are in the index estimates. Hence if M has positive lth Ricci curvature the map in (1) in Theorem 2.14 is (2ν_i − m + 2 − l)-connected. The map in (2) is (ν_1 + ν_2 − m + 1 − l)-connected. △

Chapter 3

Totally Geodesic Submanifolds

In the previous chapters we studied the connectedness principle for positively curved manifolds. In this chapter we will use these results to investigate the homotopical and cohomological properties of manifolds with totally geodesic submanifolds.

We will throughout this chapter let p denote an arbitrary prime and assume that all manifolds and submanifolds are compact, path connected and oriented.

In many cases the manifolds have positive sectional curvature, so the compactness assumption is in these cases automatic. In most cases the manifold will also be simply connected in which case it is also orientable.

3.1 Technical Results

We start by proving some basic topological statements. They will be applied in the next section.

Lemma 3.1. Let X be a simply connected CW-complex. Assume that X

1. has the integral cohomology ring of S^n, then X is homotopy equivalent to S^n.

2. has the integral cohomology ring of CP^n, then X is homotopy equivalent to CP^n.

Proof: (1) The Universal Coefficient Theorem implies that X is also a homology sphere.

By the Hurewicz theorem and induction on i we see that π_i(X) = 0 for i = 1, . . . , n − 1 and π_n(X) = H_n(X; Z) = Z. Choose a generator f : S^n −→ X. The induced map

f_∗ : π_n(S^n) −→ π_n(X)

maps [1_Sn ] −→ [f]. By Hurewicz’s Theorem the following diagram is commutative which implies that the induced map

f_∗ : H_n(S^n; Z) −→ H_n(X; Z)

is an isomorphism. Hence Whitehead’s Theorem implies that f is a homotopy equivalence. (2) By [H, Theorem 4.57], the functor H^2(−; Z) is represented by the group of homotopy classes of base point preserving maps into the Eilenberg MacLane space K(Z, 2). This group is denoted ⟨−, K(Z, 2)⟩. That is, for any CW-complex X there is an isomorphism ⟨X, K(Z, 2)⟩ ∼= H^2(X; Z).

Let α ∈ H^2(X; Z) be a generator and represent α by a map f : X −→ K(Z, 2). Then f^∗ maps a generator β of H^2(K(Z, 2); Z) to a generator α of H^2(X; Z). The cohomology ring H^∗(K(Z, 2); Z) is a polynomial ring Z[β]. The cohomology ring H^∗(X; Z) has the structure of a truncated polynomial ring Z[α]/(α^{n+1}). Since f maps generator to generator the map f induces an isomorphism f^∗ : H^i(K(Z, 2); Z) −→ H^i(X; Z), i ≤ 2n + 1.

The Eilenberg MacLane space K(Z, 2) is homotopy equivalent to CP^∞. By the Cellular Approximation Theorem f : X −→ CP^∞ is homotopic to a cellular map, which we also denote by f. Hence f defines a map from X to the 2n-skeleton of CP^∞ which is CP^n. Since the cohomology ring of CP^n is the cohomology ring of CP^∞ truncated at degree 2n + 1 the map f : X −→ CP^n induces an isomorphism in cohomology. Hence by the theorem of Whitehead, f is a homotopy equivalence. □

Remark. It is tempting to claim that HP^∞ = K(Z, 4) and use the same proof to prove that a simply connected CW-complex with the same cohomology ring as quarternionic projective space is homotopy equivalent to quarternionic projective space. It is, however, false that HP^∞ = K(Z, 4)! It is in fact also false that a space with the same cohomology ring as HP^n is homotopy equivalent to HP^n. There are 6 distinct homotopy types of spaces with cohomology ring equal to the cohomology ring of HP^2! △

Proposition 3.2. Let M^m be a simply connected manifold. Let N^{m−k} be a submanifold such that the inclusion is (m − k)-connected. If k divides m, M has the integral cohomology ring of either S^m, CP^{m/2}, HP^{m/4} or CaP^2.

Remark. The list S^m, CP^{m/2}, HP^{m/4} and CaP^2 are the simply connected compact rank one symmetric spaces (CROSS).

We note that the structure of the Cayley projective plane CaP^2 = F_4/Spin(9) as a CW-complex is a 0-cell with an 8-cell and a 16-cell attached. The 16-cell is attached to the 8-cell via the Hopf map η : S^{15} −→ S^7. △

3.1. Technical Results 35

Proof (Proposition 3.2): The strategy is to use cohomology with Z/pZ-coefficients and then use the Universal Coefficient Theorem to finish the proof.

Theorem 1.32 implies that the map ∪e: H^i(M; Z/pZ) −→ H^{i+k}(M; Z/pZ) is an isomorphism for 0 < i < m − k, injective for i = m − k and surjective for i = 0. Since M is simply connected, M is connected which implies that H^0(M; Z/pZ) = Z/pZ. Since the map ∪e is surjective for i = 0 we see that H^k(M; Z/pZ) = Z/pZ or H^k(M; Z/pZ) = 0.

Assume first that H^k(M; Z/pZ) = Z/pZ. Since M is simply connected H^1(M; Z/pZ) = 0. Corollary 1.12 implies that H^m(M; Z/pZ) = Z/pZ and H^{m−1}(M; Z/pZ) = 0.

Let 0 < q < k. We claim that there is an isomorphism H^q(M; Z/pZ) ∼= H^{k−q}(M; Z/pZ). To prove this, let c ∈ H^q(M; Z/pZ). By Theorem 1.32 this class is mapped isomorphically to a class in H^{m−k+q}(M; Z/pZ). By Poincare Duality this class is mapped isomorphically to a class in H^{k−q}(M; Z/pZ). This could also be formulated as the pairing H^{k−q}(M; Z/pZ) × H^q(M; Z/pZ) given by (α, β) −→ (α ∪ β)(e) is nondegenerate. We will also call this pairing, or isomorphism, Poincare Duality.

Now we know that H^k(M; Z/pZ) = H^{2k}(M; Z/pZ) = · · · = H^m(M; Z/pZ) = Z/pZ with H^k(M; Z/pZ) generated by e, H^{2k}(M; Z/pZ) by e^2 etc. Poincare Duality implies that e^{m/k} generates H^m(M; Z/pZ). Furthermore, by Poincare Duality and Theorem 1.32 the cohomology is periodic with period k. Since M is simply connected the period is at least 2.

Let q be the first degree such that H^q(M; Z/pZ) ≠ 0, 1 < q ≤ k. Let a be a generator of H^q(M; Z/pZ). The map ∪a: H^i(M; Z/pZ) −→ H^{i+q}(M; Z/pZ) is injective. To prove this, we see that by Poincare Duality there exists a class b ∈ H^{k−q}(M; Z/pZ) such that a ∪ b = e. Let α ∈ H^i(M; Z/pZ), 0 < i < k. Then if α ∪ a = 0 we see that α ∪ e = 0, hence α = 0 since ∪e is an isomorphism.

Next we will see that there exists a j such that a^j = γe, γ ≠ 0. As the map ∪a is injective then a^j ≠ 0 for all j. If there exists a j such that a^j ∈ H^k(M; Z/pZ) there is nothing to prove as H^k(M; Z/pZ) is one dimensional. Let m be such that cq > k and (c − 1)q < k. Assume that a^{cq} ≠ 0 ∈ H^{cq}(M; Z/pZ). As the cohomology is periodic with period k we see that a^{cq (mod k)} ≠ 0 ∈ H^{cq (mod k)}(M; Z/pZ). This is a contradiction since H^1(M; Z/pZ) = · · · = H^{q−1}(M; Z/pZ) = 0.

We need to argue that H^q(M; Z/pZ) is one dimensional. Assume on the contrary that there exists two linearly independent classes a, b ∈ H^q(M; Z/pZ). By the argument above, the maps ∪a and ∪b are injective. The maps ∪a, ∪b: H^q(M; Z/pZ) −→ H^{k+q}(M; Z/pZ) are also given by ∪e: H^q(M; Z/pZ) −→ H^{k+q}(M; Z/pZ) which is an isomorphism. Hence ∪a, ∪b are isomorphisms. By the argument above, a^j = γ_1e and b^j = γ_2e. Hence a and b are linearly dependent, which is a contradiction.

Assume next that H^k(M; Z/pZ) = 0. We know that H^m(M; Z/pZ) = Z/pZ. As above, according to Theorem 1.32 and Poincare Duality the cohomology groups are periodic with period k. But since the class e ∈ H^k(M; Z/pZ) is zero, the map

∪e: H^i(M; Z/pZ) −→ H^{i+k}(M; Z/pZ)

is the zero map. But it is also an isomorphism. Hence H^i(M; Z/pZ) = 0 for i = 1, . . . , m− k. By Poincare Duality H^i(M; Z/pZ) = 0 for i = m − k, . . . , m − 1.

Now we know that the cohomology groups H^i(M; Z/pZ) are

H^i(M; Z/pZ) = { Z/pZ i = 0, q, . . . , m 0 otherwise or H^i(M; Z/pZ) = { Z/pZ i = 0, m 0 otherwise.

By the above argument we also know that the cup product structure of H^∗(M; Z/pZ) is that of a truncated polynomial ring generated by a class in degree q or m. As p was arbitrary, this is true for all prime numbers. Note also that q does not depend on p.

We finish the proof by showing that the integral cohomology ring is also a truncated polynomial ring. For future reference we will state this as a claim.

Claim 6. Let M, p, q, m and H^∗(M; Z/pZ) be as above. Then the integral cohomology ring of M is a truncated polynomial ring generated by a class in degree q or m.

Proof of Claim: Since q ≥ 2 it follows easily from the Universal Coefficient Theorem the integral cohomology groups contain no p-torsion. Furthermore, since the dimension of H^i(M; Z/pZ) as Z/pZ-vector space is 1 for i = 0, q, 2q, . . . , m and 0 otherwise, the rank of H^∗(M; Z) is 1 if i = 0, q, 2q, . . . m and 0 otherwise.

By functoriality, the ring homomorphism π : Z −→ Z/pZ induces a ring homomorphism H^∗(M; Z) −→ H^∗(M; Z/pZ). This homomorphism is called reduction modulo p.

We must see that the cup product structure of H^∗(M; Z) is the same as the cup product structure of H^∗(M; Z/pZ), namely a truncated polynomial ring generated by an element of degree either q or m. For that, let a ∈ H^q(M; Z) = Z be a generator, i.e. a = ±1. Note that if a is reduced modulo an arbitrary prime p then a ≠ 0, i.e. a generates H^∗(M; Z/pZ) for all primes p. We claim that a^2 generates H^{2q}(M; Z) = Z. Assume on the contrary that a^2 = d ≠ ±1. Write d as a product of primes d = p^{r1}_1 · · · p^{rk}_k and note that if we reduce a^2 modulo one of the primes p_i then a^2 = 0. This is a contradiction since a ∈ H^q(M; Z/p_iZ) generates H^∗(M; Z/p_iZ). Hence H^{2q}(M; Z) is generated by a^2. By repeating the argument, we conclude that a generates H^∗(M; Z). △

Adams’ Hopf Invariant 1 Theorem, see [A], implies that q = 2, 4, 8, since M is simply connected. If q = 8, then one can use Steenrod reduced powers at the prime 3 and Adem relations, see [B I, Theorem 15.20], to prove that m = 16. This ends the proof. □

Proposition 3.3. Assume that M^m is n-connected (1 ≤ n < m − k) and that N^{m−k} is a submanifold such that i: N −→ M is (m − k)-connected. Assume furthermore that k | m − n. Then M and N homotopy equivalent (homeomorphic if the dimensions are different from 3^1) to a sphere.

Proof: Again, we will first use Z/pZ-coefficients and use the Universal Coefficient Theorem to derive the result for Z-coefficients. As M is n-connected and compact we know by the Cellular Approximation Theorem that M is a CW-complex with one zero cell and a finite number of cells all of dimension at least n + 1. By cellular cohomology and Poincare Duality we know that

H^i(M; Z/pZ) =

Z/pZ i = 0 0 i = 1, 2, . . . n 0 i = m − n, m − n + 1, . . . m − 1 Z i = m.

Since N is path connected we see that H^0(N; Z/pZ) = Z/pZ and by Poincare Duality for N we also know that H^{m−k}(N; Z/pZ) = Z/pZ.

As the inclusion i: N −→ M is (m − k)-connected Theorem 1.32 implies that the map ∪e: H^i(M; Z/pZ) −→ H^{i+k}(M; Z/pZ) is an isomorphism for 0 < i < m − k, surjective for i = 0 and injective for i = m − k.

Since k | m − n we can consider the map ∪e: H^k(M; Z/pZ) −→ H^{m−n}(M; Z/pZ) which by Theorem 1.32 is an isomorphism. The fact that H^{m−n}(M; Z/pZ) = 0 implies that H^k(M; Z/pZ) = 0 which again implies that e = 0. This implies by Theorem 1.32 that H^i(M; Z/pZ) = 0 for i = n, n + 1, . . . m − n − 1. Hence we see that M is a cohomology sphere. By the Universal Coeficient Theorem, this is also true for cohomology with Zcoefficients. Since i: N −→ M is (m−k)-connected we conclude that N is also cohomology sphere. To finish the proof we refer to Lemma 3.1 which implies that M and N are homotopy equivalent to a sphere. If the dimensions are different from 3 the generalized Poincare Conjecture, see [Sm] and [Fr], implies that M and N are homeomorphic to a sphere. □

3.2 Topology of Manifolds with Totally Geodesic Submanifolds

In this section we will use the technical results of the preceding section, Theorem 1.30 and Theorem 1.32 to derive some rather strong results on the topology of manifolds with totally geodesic submanifolds.

Proposition 3.4. Assume that M^m has positive sectional curvature and contains two totally geodesic submanifolds, N^{m−ki}_i , i = 1, 2.

1It remains to be seen whether or not the work of Perelman makes this assumption superfluous.

1. Suppose N_2 is homotopy equivalent to S^{m−k2} and the inclusion map is (k_1 + 1)- connected. Assume that k_1 + 1 < m − k_2 or k_2 = 0 then M is homotopy equivalent to S^m.

2. Suppose N_2 is homotopy equivalent to CP^{(m−k2)/2} and the inclusion map is (k_1 + 1)- connected. Assume that k_1 ≤ m − k_2 then M is homotopy equivalent to CP^{m/2}.

Remark. We briefly note why the inequalities in the above statements are needed. (1) Since S^{m−k2} is compact and orientable H^{m−k2} (N_2; Z/pZ) = Z/pZ. If k_1 + 1 ≥ m − k_2 the cohomology vector space H^{m−k2} (M; Z/pZ) = Z/pZ, but then M cannot be a cohomology sphere unless k_2 = 0.

(2) Since m − k_2 is the real dimension of N_2 m − k_2 must be even. If m − k_2 = k_1 − 1 we see that k_1 must be odd. Since the inclusion i: N_2 −→ M is (k_1 + 1)-connected H^{k1−1}(M; Z/pZ) = Z/pZ. But if M were to be homotopy equivalent to CP^{m/2} the cohomology group H^{k1} (M; Z/pZ) would be zero. However, e ∈ H^{k1} (M; Z/pZ) is then 0. Since the map ∪e: H^{k1} (M; Z/pZ) −→ H^{2k1} (M; Z/pZ) is an isomorphism, this would imply

H^{k1} (M; Z/pZ) = H^{k1+1}(M; Z/pZ) = · · · = H^{m−k1} (M; Z/pZ) = 0

which makes it impossible for M to be homotopy equivalent to CP^{m/2}.

If m − k_2 ≤ k_1 − 2 we have no information about H^{k1} (M; Z/pZ). By Theorem 1.32, this makes it impossible to use the map ∪e: H^{k1} (M; Z/pZ) −→ H^{2k1} (M; Z/pZ). Hence we have no information about the cohomology vector spaces H^{k1} (M; Z/pZ), . . . , H^{m−k1} (M; Z/pZ).

It would be possible to obtain some information using the map ∪e: H^{k2} (M; Z/pZ) −→ H^{2k2} (M; Z/pZ). This would, however, require, that k_1, k_2 and m satisfy some rather complicated inequalities, which makes the proposition useless. △

Proof (Proposition 3.4): Since manifolds are also CW-complexes it is by Lemma 3.1 enough to show that M has the Z-cohomology ring of a sphere or a complex projective space.

(1) Since the inclusion i: N_2 −→ M is (k_1 + 1)-connected and N_2 is homotopy equivalent to a sphere, we see that

H^1(M; Z/pZ) = H^2(M; Z/pZ) = · · · = H^{k1} (M; Z/pZ) = 0

and by Poincare Duality, we see that

H^{m−k1} (M; Z/pZ) = H^{m−k1} (M; Z/pZ) = · · · = H^{m−1}(M; Z/pZ) = 0.

As M is path connected, compact and oriented we knpw that H^0(M; Z/pZ) = H^m(M; Z/pZ) = Z/pZ.

Since e ∈ H^{k1} (M; Z/pZ) = 0 the class e is zero. The fact that

∪e: H^{k1} (M; Z/pZ) −→ H^{2k1} (M; Z/pZ) is an isomorphism and at the same time the zero map, implies clearly that

H^{k1+1}(M; Z/pZ) = H^{k1+2}(M; Z/pZ) = · · · = H^{m−k−1}(M; Z/pZ) = 0,

which proves that M has the Z/pZ-cohomology of S^m. The Universal Coefficient Theorem imply that M has the Z-cohomology of S^m.

(2) Recall, that since m − k_2 is the real dimension of N_2, m − k_2 is in fact even. The dimension m of M must also be even.

Since N_2 is homotopy equivalent to CP^{(m−k2)/2} we know by cellular cohomology that

H^i(N_2; Z/pZ) = { Z/pZ i = 0, 2, . . . , m − k_2 0 otherwise.

Since the inclusion i: N_2 −→ M is (k_1 + 1)-connected we know that H^i(M; Z/pZ) ∼= H^i(N_2; Z/pZ) for i < k_1 + 1. Assume now that k_1 is even (if not, replace k_1 by k_1 − 1). By Poincare Duality for M we know that H^i(M; Z/pZ) ∼= H^{m−i}(M; Z/pZ). Hence

H^i(M; Z/pZ) =

Z/pZ i = 0, 2, . . . , k_1 0 i = 1, 3, . . . , k_1 + 1 Z/pZ i = m − k_1, m − k_1 + 2, . . . , m 0 i = m − k_1 − 1, m − k_1 + 1, . . . m − 1.

We will now use Theorem 1.32 to determine H^i(M; Z/pZ) for i = k_1 +2, . . . , m−k_1 −2. Theorem 1.30 implies that i: N_1 −→ M is (m − 2k_1 + 1)-connected. From Theorem 1.32 we see that

∪e: H^i(M; Z/pZ) −→ H^{i+k1} (M; Z/pZ)

is an isomorphism for k_1 − 1 < i < m − 2k_1 + 1, a surjection for i = k_1 − 1 and an injection for i = m − 2k_1 + 1.

Let a ≠ 0 ∈ H^2(M; Z/pZ). We see that a^{k1/2} ≠ 0 ∈ H^{k1} (M; Z/pZ). Since the vector space H^{k1} (M; Z/pZ) = Z/pZ, a^{k1/2} = γe, γ ≠ 0. Without loss of generality we may assume that γ = 1. Consider the map

∪a^{k1/2} : H^{k1} (M; Z/pZ) −→ H^{2k1} (M; Z/pZ)

which is given by the compositions

This map is also given by the isomorphism ∪e: H^{k1} (M; Z/pZ) −→ H^{2k1} (M; Z/pZ). Hence

∪a: H^{k1} (M; Z/pZ) −→ H^{k1+2}(M; Z/pZ) is an also an isomorphism.

Since H^{k1} (M; Z/pZ) = Z/pZ and ∪a is an isomorphism, we see that H^i(M; Z/pZ) = Z/pZ for k_1 ≤ i ≤ 2k_1, i even and H^i(M; Z/pZ) = 0 for k_1 < i < 2k_1, i odd. Using that ∪e is an isomorphism for k_1 − 1 < i < m − 2k_1 + 1 we deduce that

∪a: H^i(M; Z/pZ) −→ H^{i+2}(M; Z/pZ),

is an isomorphism for k_1 < i < m − 2k_1 + 1. Using Poincare Duality and the isomorphism ∪a it is easy to see that the cohomology vector spaces of M satisfy

H^i(M; Z/pZ) = { Z/pZ i even 0 i odd.

Hence M has the same Z/pZ-cohomology vector spaces as CP^{m/2}. To get the right cup product structure on the first k_1 cohomology groups, we note that N_2 has the cohomology ring of CP^{(n−k2)/2} and that the inclusion i: N_2 −→ M is (k_1 + 1)-connected. By Poincare Duality and the fact that ∪a: H^i(M; Z/pZ) −→ H^{i+2}(M; Z/pZ) is an isomorphism for k_1 < i < m − 2k_1 + 1 we deduce that M has the Z/pZ-cohomology ring of CP^{m/2}. It now follows from Claim 6 in the proof of Proposition 3.2 that M also has the Z-cohomology ring of CP^{m/2}. □

Theorem 3.5. Assume that M^m is simply connected and has positive sectional curvature.

1. If m is odd and M contains one totally geodesic submanifold N of codimension 2, then M is homotopy equivalent to a sphere (and hence homeomorphic if m ≠ 3).

2. If m ≥ 4 is even and M contains a totally geodesic submanifold N of codimension 2 and a totally geodesic submanifold N^′ of codimension < m/2 with N^′ ∩N transverse, then M is homotopy equivalent to a sphere or to a complex projective space.

3. Suppose m ≡ 0 (mod 4) or m ≡ 1 (mod 4) and m > 13. If M contains a totally geodesic submanifold N_1 of codimension 4 and totally geodesic submanifold N_2 of codimension < m/2 − 3 such that N_1 and N_2 intersect transversely. Then M has the cohomology ring of either S^m, CP^{m/2}, HP^{m/4}.

Remark (Ad. 3). By Lemma 3.1 we note that if M has the Z-cohomology ring of either S^m or CP^m, M is in fact homotopy equivalent to S^m or CP^m. △

Proof: We will as above use Z/pZ-coefficients and prove that the spaces have the same Z/pZ-cohomology rings. We will then refer to Claim 6 in the proof of Proposition 3.2 for the argument that the spaces have the same Z-cohomology rings.

(1) Theorem 1.30 implies that the inclusion i: N −→ M is (m − 3)-connected. Hence the lower bound l in Theorem 1.32 is 1.

We note that 2 | m−1 since m is odd. Since M is simply connected, H^1(M; Z/pZ) = 0. Since ∪e: H^1(M; Z/pZ) −→ H^3(M, Z/pZ) is surjective H^3(M; Z/pZ) = 0. By Poincare Duality H^{m−1}(M, Z/pZ) = 0 and H^{m−3}(M; Z/pZ) = 0. By Theorem 1.32, this implies that

H^2(M; Z/pZ) = H^4(M; Z/pZ) = · · · = H^{m−3}(M; Z/pZ) = 0,

H^3(M; Z/pZ) = H^5(M; Z/pZ) = · · · = H^{m−2}(M; Z/pZ) = 0.

Hence we see that M is a Z/pZ-cohomology sphere. By the Universal Coeficient Theorem M is then a Z-cohomology sphere. Lemma 3.1 then implies that M is homotopy equivalent to a sphere. If dim(M) ≠ 3 the generalized Poincare Conjecture, see [Sm] and [Fr], implies that M is homeomorphic to a sphere. In dimension 3 we can only conclude that M is homotopy equivalent to a sphere.

(2) Theorem 1.30 implies that the inclusion i: N ∩ N^′ −→ N^′ is (m − codim(N) − codim(N^′))-connected. Since N and N^′ intersect transversely m−codim(N)−codim(N^′) = dim(N ∩ N^′).

We note that the codimension of N^′ ∩ N in N^′ is also 2. This follows from the following calculation, since the fibre dimension of the corresponding normal bundles are equal. We first note that dim(ν(N^′)) = m − dim(N^′). Since N and N^′ intersect transversely dim(N ∩ N^′) = m − (m − dim(N)) − (m − dim(N^′)). Hence

dim(ν(N ∩ N^′)) = dim(N^′) − dim(N ∩ N^′) = dim(N^′) − m − (m − dim(N)) − (m − dim(N^′)) = m − dim(N) = dim(ν(N)).

Since the fibre dimension of ν(N) in M is 2 the fibre dimension of ν(N ∩ N) in N^′ is also 2. Let e ∈ H^2(M; Z/pZ) be the Poincare dual of the image of the fundamental class of N in H_{m−2}(M; Z/pZ). Since the pull-back i^∗(e) ∈ H^2(N; Z/pZ) is the Euler class of the normal bundle ν(N) in M, the pull-back of e to H^2(N ∩ N^′; Z/pZ) is the Euler class of ν(N ∩ N^′) in N^′.

An argument similar to that given in the proof of Theorem 1.32 shows that e defines a period in the cohomology ring of N^′, i.e. the map

∪e: H^i(N^′; Z/pZ) −→ H^{i+2}(N^′; Z/pZ)

is an isomorphism for certain is. Furthermore, we also get the same bounds on i in terms of l as in Theorem 1.32. Since i: N ∩ N^′ −→ N^′ is dim(N ∩ N^′)-connected the number l in Theorem 1.32 is zero.

Since the map ∪e: H^0(N^′; Z/pZ) −→ H^2(N^′; Z/pZ) is surjective and N^′ is path connected H^2(N^′; Z/pZ) is either 0 or Z/pZ. Since codim(N^′) < m/2 and m ≥ 4 it follows from Theorem 1.30 that the inclusion is at least 3-connected. Hence H^2(M; Z/pZ) is either 0 or Z/pZ.

Consider now the codimension 2 submanifold N. Theorem 1.32 implies that

∪e: H^i(M; Z/pZ) −→ H^{i+2}(M; Z/pZ)

is an isomorphism for 1 < i < n − 3.

We consider the two cases H^2(M; Z/pZ) = 0 and H^2(M; Z/pZ) = Z/pZ. If the vector space H^2(M; Z/pZ) = 0, Theorem 1.32 and Poincare Duality implies that M is a Z/pZcohomology sphere. Hence M is also an integral cohomology sphere and Lemma 3.1 then implies that M is homotopy equivalent to a sphere.

If H^2(M; Z/pZ) = Z/pZ, Poincare Duality and the map ∪e implies that

H^i(M; Z/pZ) = { Z/pZ i = 0, 2, . . . , m, 0 i = 1, 3, . . . m − 1.

Poincare Duality and the fact that the map ∪e is an isomorphism for 1 < i < n−3 implies that the cohomology ring of M is generated by one element, namely e ∈ H^2(M; Z/pZ). Hence M has the Z/pZ-cohomology ring of CP^{m/2}. By Claim 6 we again conclude that M has the integral cohomology ring of CP^{m/2}. Lemma 3.1 implies that M is homotopy equivalent to a complex projective space.

(3) Assume first that m ≡ 0 (mod 4). It follows from Theorem 1.30 that the inclusion i: N_2 −→ M is 7-connected since codim(N_2) ≤ m/2 − 3 and m ≥ 13. From Theorem 1.30 it also follows that i: N_1 ∩ N_2 −→ N_2 is dim(N_1 ∩ N_2)-connected.

We note that since N_1 intersects N_2 transversely the codimension of N_1 ∩ N_2 ⊆ N_2 is 4. An argument similar to that given in the proof of (2) shows that e defines a period in the cohomology ring of N_2 i.e. the map ∪e: H^i(N_2; Z/pZ) −→ H^{i+4}(N_2; Z/pZ) is an isomorphism for certain is. We also get the same bounds on i in terms of l as in Theorem 1.32. Since i: N_1 ∩ N_2 −→ N_2 is dim(N_1 ∩ N_2)-connected the number l in Theorem 1.32 is zero. Hence

∪e: H^i(N_2; Z/pZ) −→ H^{i+4}(N_2; Z/pZ)

is an isomorphism for 0 < i < dim(N_1 ∩ N_2), a surjection for i = 0 and an injection for i = dim(N_1 ∩ N_2).

As i: N_2 −→ M is 7-connected, we know that H^i(N_2; Z/pZ) ∼= H^i(M; Z/pZ) for i ≤ 7, hence we deduce that

∪e: H^i(M; Z/pZ) −→ H^{i+4}(M; Z/pZ)

is an isomorphism for 0 < i < 7 a surjection for i = 0.

The map i: N_1 −→ M is (m − 7)-connected, hence the number l in Theorem 1.32 is 3. Thus we see that

∪e: H^i(M; Z/pZ) −→ H^{i+4}(M; Z/pZ)

is an isomorphism for 3 < i < m − 7, a surjection for i = 3 and an injection for i = m − 7. Combining these two facts yields that

∪e: H^i(M; Z/pZ) −→ H^{i+4}(M; Z/pZ)

is an isomorphism for 0 < i < m − 7, a surjection for i = 0 and an injection for i = m − 7.

We consider the two cases H^4(M; Z/pZ) = 0 and H^4(M; Z/pZ) = Z/pZ. If the vector space H^4(M; Z/pZ) = 0 then e = 0. Since ∪e is also an isomorphism (injection) we deduce that

H^1(M; Z/pZ) = · · · = H^{m−3}(M; Z/pZ) = 0.

By Poincare Duality, we see that M is a Z/pZ-cohomology (and hence integral cohomology) sphere.

If H^4(M; Z/pZ) = Z/pZ and H^2(M; Z/pZ) = 0, we use the isomorphism ∪e and Poincare Duality to deduce that M has the Z/pZ-cohomology ring of HP^{m/4}. By Claim 6 we deduce that M has the integral cohomology ring of HP^{m/4}.

If H^4(M; Z/pZ) = Z/pZ and H^2(M; Z/pZ) = Z/pZ we use Poincare Duality to deduce that e = x ∪ y. The map

∪x: H^i(M; Z/pZ) −→ H^{i+2}(M; Z/pZ)

is an isomorphism for 0 < i < m − 7. By Poincare Duality, we deduce that M has the Z/pZ-cohomology of CP^{m/2}. Hence, by Claim 6 M has the same integral cohomology ring as CP^{m/2}.

Assume now that m ≡ 1 (mod 4). Since M is simply connected H^1(M; Z/pZ) = 0. As the argument that ∪e is an isomorphism for 0 < i < m − 7 did not depend on whether m ≡ 1 (mod 4) or m ≡ 0 (mod 4) we know that ∪e: H^i(M; Z/pZ) −→ H^{i+4}(M; Z/pZ) is an isomorphism for 0 < i < m − 7, injective for i = m − 7 and surjective for i = 0.

By applying the isomorphism ∪e we see that

H^1(M; Z/pZ) = H^5(M; Z/pZ) = · · · = H^{m−9}(M; Z/pZ) = 0.

By Poincare Duality we see that H^9(M; Z/pZ) = 0. As m ≡ 1 (mod 4) we see that 4 | m − 9. Since

∪e^{(m−9)/4} : H^4(M; Z/pZ) −→ H^{m−9}(M; Z/pZ) is an isomorphism we deduce that H^4(M; Z/pZ) = 0 and hence e = 0. Hence

H^1(M; Z/pZ) = H^2(M; Z/pZ) = · · · = H^{m−4}(M; Z/pZ) = 0.

and by Poincare Duality we see that M is a Z/pZ-cohomology (and hence integral cohomology) sphere. □

Remark (Ad. 2). One could try to apply Proposition 3.2 to the pair (N^′, N ∩ N^′) and conclude that N^′ has the homotopy type of either S^n or CP^{m−k′} , where k^′ is the codimension of N^′ in M. One could then apply Proposition 3.2 to conclude that M has the same homotopy type as N^′ since i: N^′ −→ M is 3-connected. There is however no way of knowing that dim(N ∩ N^′) divides dim(N^′) (not even if the intersection is transverse) which is essential in the proof of Proposition 3.2. △

The next theorem asserts that the cohomology groups H^i(M; Z) i = 1, . . . , m − 1 consists only of 2-torsion, if certain conditions are satisfied.

Theorem 3.6. Let M^m be a simply connected manifold of positive sectional curvature and dimension at least 5. Suppose N^{m−k1}_1 and N^{m−k2}_2 are two totally geodesic submanifolds intersecting transversely. Furthermore, assume that k_1 ≤ (m + 3)/4, k_1 + 2k_2 ≤ m and that k_1 is odd. Then for all i ∈ {1, . . . , m − 1} and x ∈ H^i(M; Z) we have 2x = 0.

Proof: First note that by Theorem 1.30 the inclusion i: N_1 −→ M is (m − 2k_1 + 1)- connected. By Theorem 1.32 there exists a class e ∈ H^{k1} (M; Z) such that i^∗(e) ∈ H^{k1} (N_1; Z) is the Euler class of the normal bundle ν(N_1). Since the codimension k_1 is odd [MS, Property 9.4] implies that 2i^∗(e) = 0. Since n ≥ 5 and k_1 ≤ (m + 3)/4 the inclusion i: N_1 −→ M is k_1-connected which yields H^{k1} (N_1; Z) ∼= H^{k1} (M; Z). Hence i^∗(2e) = 2i^∗(e) = 0 implies that 2e = 0. Since the map ∪e is an isomorphism for i = k_1, . . . , m − k_1 this proves the assertion for i = k_1, . . . , m − k_1.

Assume that k_1 ≤ k_2. The inclusion N_1 ∩ N_2 −→ N_2 is (m − k_1 − k_2)-connected. As in the proof of Theorem 3.5 (3) we note that the pull-back i^∗(e) ∈ H^{k1} (N_1 ∩ N_2; Z) is the Euler class of ν(N_1 ∩ N_2) in N_2, and that we can deduce from Theorem 1.32 that ∪e: H^i(N_2; Z) −→ H^{i+k2} (N_2; Z) is an isomorphism for 1 ≤ i ≤ m − k_2 − 1.

We note that the fibre dimension of ν(N_1 ∩ N_2) in N_2 is odd. This follows from the calculation in Theorem 3.5 (2) since N_1 and N_2 intersect transversely and the fibre dimension ν(N_1) in M is odd. By [MS, Property 9.4], this implies that 2i^∗(e) ∈ H^{k1} (N_1 ∩ N_2; Z) is zero. Similarly to above we obtain 2e = 0 in H^{k1} (N_2; Z). Hence 2 · H^i(N_2; Z) = 0 for 1 ≤ i ≤ n − k_2 − 1 since ∪e is an isomorphism for 1 ≤ i ≤ m − k_2 − 1.

We note that m − k_2 − 1 ≥ k_1 since we assumed m − 2k_2 ≥ k_1. Theorem 1.30 implies that the inclusion i: N_2 −→ M is (m − 2k_2 + 1)-connected and hence k_1-connected. Hence 2 · H^i(N_2; Z) = 0 for 1 ≤ i ≤ m − k_2 − 1 implies that 2 · H^i(M; Z) = 0 for 1, · · · , k_1. We now know that 2 · H^i(M; Z) = 0 for 1 ≤ i ≤ m − k_1. By Poincare Duality and the Universal Coefficient Theorem 2 · H^i(M; Z) = 0 for 1 ≤ i ≤ m − 1. □

Literature

[A] Adams, J. F.: On the non-existence of elements of Hopf invariant one; Ann. of Math. 72 (1960) 20-104.

[B I] Bredon, G.: Geometry and Topology; Spinger 1993.

[B II] Bredon, G.: Introduction to Compact Transformation Groups; Academic Press 1972.

[FMR] Fang, F., Mendonca, S., Rong, X.: A connectedness Principle in the Geometry og Positive Curvature; preprint.

[F] Frankel, T.: Manifolds with positive curvature; Pacific J. Math. 11 (1961) 165– 174.

[Fr] Freedman, M.: The topology of four-dimensional manifolds; Jour. Diff. Geom. 17 (1983) 357-454.

[G I] Grove, K.: Riemannian Geometry: A Metric Entrance; Lecture Note nr. 65 (2002) Aarhus University.

[G II] Grove, K.: Geodesics satisfying general boundary conditions; Comment. Math.

Helv. (1973), 376-381.

[H] Hatcher, A.: Algebraic Topology; Cambridge University Press. [KN I] Kobayashi, S., Nomizu, K.: Foundations of Differential Geometry, vol. I; John Wiley & Sons, Inc 1963.

[KN II] Kobayashi, S., Nomizu, K.: Foundations of Differential Geometry, vol. II; John Wiley & Sons, Inc 1963.

[M] Milnor, J. W.: Morse Theory; Princeton University Press 1963. [MS] Milnor, J. W., Stasheff, J.: Characteritic Classes; Princeton University Press 1974.

46 Literature

[SW] Schoen, R., Wolfson, J.: Theorems of the Barth Lefschetz Type and Morse Theory on the Space of Paths; Math. Z. 229, (1998), 77-89.

[Sm] Smale, S.: Generalized Poincare Conjecture in dimensions greater than four; Ann.

of Math. 74 (1961) 391-406.

[S] Synge, J. L.: On the connectivity of spaces of positive curvature; Quart. J. Math.

7 (1936), 316-320.

[W I] Wilking, B.: Torus actions on Manifolds of Positive Sectional Curvature; To appear in Acta Math.

[W II] Wilking, B.: Positively Curved Manifolds with Symmetry; To appear.